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1.1 Auto-Verification Results

1 Grade Distribution Analysis

Model Correct | Incorrect | Unknown | Success Rate
03-mini 5 0 0 100.0%
ol 5 0 0 100.0%
meta-llama/Meta-Llama-3.1-8B-Instruct 0 5 0 0.0%
Qwen/Qwen2.5-7B-Instruct 1 4 0 20.0%
deepseek-ai/DeepSeek-V3 5 0 0 100.0%
deepseek-ai/DeepSeek-R1 5 0 0 100.0%
Qwen/Qwen2.5-72B-Instruct 0 5 0 0.0%
Qwen/QwQ-32B-Preview 5 0 0 100.0%
meta-llama/Meta-Llama-3.1-70B-Instruct 3 2 0 60.0%
chatgpt-4o-latest 5 0 0 100.0%
Note: Success Rate = Correct / (Correct + Incorrect) 100%
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1.3 Grade Distribution by Solution Model
Model A | B | C| D| Total
03-mini 510|010 5
ol 5(10]01]0 5
meta-llama/Meta-Llama-3.1-8B-Instruct 00| 3|2 5
Qwen/Qwen2.5-7B-Instruct 41010 5
deepseek-ai/DeepSeek-V3 510|010 5
deepseek-ai/DeepSeek-R1 510|010 5
Qwen/Qwen2.5-72B-Instruct 2101(131]0 5
Qwen/QwQ-32B-Preview 510|010 5
meta-llama/Meta-Llama-3.1-70B-Instruct | 4 | 0 | 1 | O 5
chatgpt-4o-latest 5101010 5
1.4 Grade-Verification Correlation Analysis
Grade Correct Incorrect | Unknown | Total
A 34 (85.0%) | 6 (15.0%) | 0 (0.0%) | 40
C 0 (0.0%) | 8 (100.0%) | 0(0.0%) | 8
D 0 (0.0%) | 2(100.0%) | 0(0.0%) | 2
Total | 34 (68.0%) | 16 (32.0%) | 0 (0.0%) | 50




Note: Percentages in parentheses show the distribution of verification results within each grade.
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2 Problem Dark Matter Capture as a Function of Time, Difficulty
level: 2

Problem Text:
Suppose C' is the capture rate of dark matter in an astrophysical body. Let C'4 be the dark matter annihilation
rate per effective volume. Then an approximate Boltzmann equation governing the number N of dark matter

particles in the astrophysical body is

AN 5
E—C CAN

If initially, N(0) = 0, what is N(t) as a function of time?

2.1 Expert Solution

Detailed Steps: We can integrate by quadrature.

dN
‘/C—CANQZt’ (1)

We can express the integrand as a sum of two fractions:

1 1 1
C-CaN? /O -\/CaN /C+/OiN

1 1 1
- 2@[@—¢C_AN+ mw—w]

Integrating, we find

1 [ -1 1
t+K=Na[mln(\/a—\/C_AN)+\/C_Aln(\/5+\/C_AN)]

1 VC +\/CaN
_wmln(ﬁ—w_m)

where K is an integration constant. Setting the boundary condition N =0 at ¢ = 0, we find

K =0.

We find the solution

i JC (e2 CCAt_l)
N= \/C_A(e2 CCAt+1) . ®

Note that it is easy to check that it reaches the obvious steady state in the limit ¢t — oo.
Answer Requirements: Provide the answer in the form of the python code. Implement the following
function.

def answer(C: float, C_A: float, t: float) -> float:
pass

Code Implementation:

from math import sqrt, exp

def answer (C: float, C_A: float, t: float) -> float:
return sqrt(C/C_A) * (
(exp(2*sqrt (C*C_A)*t) - 1)
/ (exp(2*sqrt (C*C_A)*t) + 1)



2.2 Model Solutions
2.2.1 Model: 03-mini
Attempt 1 (2025-02-11T05:36:57.208343+00:00)

Detailed Solution: We start with the differential equation

dN 2
&Y _C-CaN
dt A )

with the initial condition N(0) = 0. This equation is separable. We can write

dN

C_O.N? =dt.

Step 1. Integrate both sides:
Integrate the left-hand side from 0 to N(¢) and the right-hand side from 0 to ¢:

N(t) dN tdt
fo C—CAN2‘fo ’

The integral on the left is a standard form:

fcchNT

Step 2. Evaluate the integral:
Factor out C"

[ etmmy o) maw

Let
2-64 . ,_./%
C c’
Then the integral becomes
@ [ 1-a2N2’

Recall the standard integral

d
f = arctanh(z) + C,
1-x2
so, with a change of variable, we obtain

1
f T-2N? " o arctanh(aV) + constant.

Thus,

1
0/1 aNT - arctanh(aN)
e

Step 3. Apply the limits:
Evaluating between 0 and N (%),

1 1 1
Ta arctanh(aN (t)) - Ca arctanh(0) = Ta arctanh(aN (t)) =t.

Thus,
arctanh(aN (t)) = Cat.

Recall that o = /€4 | so substitute back:

C b
Ca
arctanh ?N(t) =/CCut.

Step 4. Solve for N(¢):



Taking the hyperbolic tangent on both sides, we obtain

% N(t) =tanh (v/CCat).

Therefore,

N(t) :\/CQA tanh (VC Cat).

N(t) =1 /Cg tanh (VC'Cat).
A
Final Answer: N(t) =/ % tanh (v/C' Ca t).

Now, we convert this final expression into Python code.

def answer(C: float, C_A: float, t: float) -> float:
import numpy as np
return np.sqrt(C / C_A) * np.tanh(np.sqrt(C * C_A) * t)

Example usage:

if __name__ == "__main__":
# Define example parameters for testing
c=1.0
C_A = 0.5
t = 2.0

print (answer (C, C_A, t))

Verification Results:

Auto verification result ([’2025-02-18T05:49:51.9285034-00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 ([’2025-02-11T07:15:17.711258+-00:00’]) Grade: A

Notes: The submitted solution correctly solves the differential equation using a separable method and arrives
at a solution that is mathematically equivalent to the standard solution. The standard solution uses a different
form involving exponential functions, while the submitted solution uses hyperbolic tangent functions. These
forms are equivalent due to the identity tanh(z) = zzjj The solution process is detailed, correctly applies
the integration technique, and appropriately handles the initial condition. The Python code provided is a

correct implementation of the final expression.

Attempt 2 (2025-02-11T05:37:18.356346+00:00)

Detailed Solution:
Step 1: Write Down the Differential Equation.

We are given the differential equation for the number N (¢) of dark matter particles,

dN

= -C4N?
dt A )

with the initial condition
N(0) =0.

Step 2: Separate the Variables.
Rearrange the equation to separate N and t:

dN

C_CaN? - dt.



Step 3: Integrate Both Sides.
Integrate from N =0 to N = N(¢) on the left-hand side and from ¢ = 0 to ¢ = ¢ on the right-hand side:

N(t) dN t
—_—— = dt.
/0 C-CaN? fo

Step 4: Solve the Integral.

Factor out C from the denominator:

me iN 1 me dN
o C(1-%nN?) CJo  1-Zan?

[Ca /| C /| C
u = ?N = N-= C—Au and dN = C—Adu.

Substitute these into the integral:

Let

1 /u(t) \/ %du B 1 /u(t) du
C Jo - 0 1-u2’

1- u2 \/CCA
where u(t) =/ %‘N(t).
The integral

f % = arctanh(u)
-u

1 Ca _
NG arctanh (\ / CN(t)) =t

Step 5: Solve for N(t).

arctanh(\ / %N(t)) =vCCat.

Taking the hyperbolic tangent of both sides:

yields

Multiply both sides by /CCa:

%N(t) = tanh (\/CCA t) .
Thus, solving for N (t):

N(t) =y /c% tanh (vVCCat).

Final Answer: N(t) =/ C’g tanh (vV/CCat).
A

Step 6: Python Code Implementation.

Below is the Python code implementing the function as required:

def answer(C: float, C_A: float, t: float) -> float:
import math
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C * C_A) * t)

Example usage:

if __name__ == "__main__":
# Sample values for C, C_A, and t
c =1.0
C_A = 0.5
t = 2.0
result = answer(C, C_A, t)
print ("N(t) =", result)



Final Answer:

N(t) =y /C% tanh (VCCat).

Verification Results:

Auto verification result (['2025-02-18T05:49:51.928983+-00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 (['2025-02-11T07:15:24.678260+00:00’]) Grade: A
Notes: The submitted solution correctly solves the differential equation using separation of variables and

integration. The final expression for N(t) in the submitted solution, N(t) = , /% tanh (v/CCa't), is math-

o (62\/5t_1)
VCa (ez\/aﬁ-l) ’
the same physical behavior of the system. The submitted solution includes all necessary steps and correct
reasoning, and the use of hyperbolic functions is a valid alternative approach to the problem.

ematically equivalent to the standard solution’s expression N = Both expressions describe

Attempt 3 (2025-02-11T05:37:34.128337+00:00)

Detailed Solution: We start with the differential equation

N _ o CaN?, N(0)=0.
dt
This is a separable equation. We can rewrite it as
dN
COaN? dt.
Factor out C from the denominator:
dN 1 dN

== =dt.
I DR N3

Ca /| C
= —= N h N = — du.
U o N so that d Ca du
1 C du
—\/ = = [ dt.
C\V Ca f 1-wu? [
1 du :/dt.
VCC 4 1-u?
/ du
1-u?

arctanh(u) = ¢ + constant.

Let

Substitute into the integral:

Simplify the constant:

Recall that

= arctanh(u),

so we have

1
VCCy

With the initial condition N(0) = 0, we obtain u(0) =0 so the constant is zero. Therefore,

arctanh (\ / % N) =tvCCay.

Taking the hyperbolic tangent of both sides gives

\/ % N =tanh (tv/CCa).



Solving for N

N(t) =1/ - tanh (+/TCx).
A

Ca

N(t) = /C% tanh (t/CCa).

Below is the final executable Python code implementing this solution.

Final Answer:

def answer(C: float, C_A: float, t: float) -> float:
import math
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C * C_A) * t)

Verification Results:

Auto verification result ([2025-02-18T05:49:51.929398+-00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 (['2025-02-11T07:15:34.3171064+00:00’]) Grade: A
Notes: The submitted solution correctly solves the differential equation using a different method involving

hyperbolic functions. The final answer, N (t) = q /itanh(t\/ C’C’A), is mathematically equivalent to the

VG (2YC-1)
/Ca (ezft +1)’ 21+1
rectly applies the method of separation of variables, and uses the initial condition to determine the integration

constant. The Python code correctly implements the final solution.

since tanh(z) =

standard solution’s final answer, N = The solution process is clear, cor-

Attempt 4 (2025-02-11T05:37:51.056340+00:00)

Detailed Solution: We start with the differential equation

N =C-CaN?,
subject to the initial condition N(0) = 0.
Step 1: Separate Variables
We rewrite the equation as
N _ oo cuN?
at At
Separate the variables N and t by writing
dN
——— =dt.
C —-CaN?

Step 2: Integrate Both Sides
We integrate the left-hand side with respect to N and the right-hand side with respect to ¢:

[ _aN f dt
C-CaN2 "~ ’
Factor out C in the denominator:

Jawem ol =

o] 2
17( %N)

Let
U= %4]\/, so that dN = C%du

Then the integral becomes

\/— du 1 du

1-—u? \/CCA 1—u?’




Recall that

f du__ tanh™" (u),

1-u?

1 -1 CA
tanh \ [/ —— N | = t + constant.
VCCy ( C )

Step 3: Apply the Initial Condition
Using N (0) =0, we find the constant:

so the integrated form is

1 =il
tanh -0]=0 = constant =0.
VCC 4 ( )

Thus,

Multiply both sides by \/CCa:

tanh™* ( % N) =vCOC4t.

Step 4: Solve for N(t)
Apply the hyperbolic tangent function to both sides:

% N =tanh (vV/CCat).

Hence,

N(t) =4/ C% tanh (VCCat).

Final Answer:

N(t) =/ C%tanh(\/C’CAt).

Next, we convert our final expression into Python code.

def answer(C: float, C_A: float, t: float) -> float:
import math
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C * C_A) * t)

. . _ C
Final Answer: N(t) = [ & tanh (VCCat).
Verification Results:

Auto verification result (['2025-02-18T05:49:51.929809+00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 (['2025-02-11T07:15:41.729378+-00:00’]) Grade: A
Notes: The submitted solution correctly solves the differential equation using separation of variables and

integration. The final expression for N (t) =/ % tanh (\/CCA t) is mathematically equivalent to the standard

2/ Ct
5 ___9 g _ J/C (e _1) g g g g
solution’s expression N = \/ai(ﬁ vng Both expressions describe the same physical behavior, as the
hyperbolic tangent function is related to the exponential form through the identity tanh(z) = zz:i The

solution process is clear, includes all necessary steps, and demonstrates correct reasoning. The Python code
provided also correctly implements the final expression.

Attempt 5 (2025-02-11T05:38:09.504335+00:00)

10



Detailed Solution: We begin with the differential equation for the number N(t) of dark matter particles:

dN )
4 _c-CaNZ
dt A

This is a separable differential equation. Rearranging, we have

dN

C_CaN? - dt.

Step 1: Separate variables and integrate.
Factor out a constant in the denominator:

C - CaN’ :0(1—@1\[2).
C
Thus, the separated equation becomes

AN
C(1-<aN2)

Cf CAN2 fdt.

Step 2: Solve the integral using a substitution.

= dt,

or, equivalently,

Define
K = % or k= %.
The integral on the left-hand side is now
c / 1-k2N2’

Recall the standard integral formula

dx 1 -1
J T = g et (o),
which holds for a > 0. Thus, with a = k£, we have

[ 50 = £ e B).

Hence, the equation becomes

1 1 -
Ck tanh™ (kN) = ¢ + constant.

Step 3: Determine the constant using the initial condition.
The initial condition is N(0) = 0. Substituting ¢ =0 and N(0) = 0 into the integrated equation gives:

1 -
h tanh ™" (0) = 0 + constant.

Since tanh_l(O) =0, the constant is 0. Therefore, the equation reduces to:
L tanh™ (EN) = ¢
Ck -

Step 4: Solve for N(t).

Multiply both sides by Ck:
tanh ™' (kN) = Ckt.

Recall that k = \/%‘; hence, Ck = \/CCy4. Thus:

tanh ™! (\/%?N) =vCCat.

11



Taking the hyperbolic tangent of both sides gives:

% N = tanh (\/ CCy t) .

Solving for N(t), we obtain:

N(t) =4/ C% tanh (\/CCAt).

Final Answer:

N(#) =/ c% tanh (VOTr )

Step 5: Python Implementation.
Below is the complete Python code that implements the function as required:

def answer(C: float, C_A: float, t: float) -> float:
import math
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C * C_A) * t)

Final Answer:

N(t)z\/c% tanh (V/CCat)

Verification Results:

Auto verification result (['2025-02-18T05:49:51.930222+4-00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 (['2025-02-11T07:15:48.5098154-00:00’]) Grade: A

Notes: The submitted solution correctly solves the differential equation using a separable method and arrives
at a solution that is mathematically equivalent to the standard solution. The standard solution uses a different
form involving logarithms, while the submitted solution uses hyperbolic tangent functions. Both forms are
equivalent, as the hyperbolic tangent can be expressed in terms of exponential functions, which aligns with
the standard solution’s form. The solution process includes all necessary steps, correct reasoning, and the
use of initial conditions to determine the integration constant. The Python implementation is a correct
representation of the derived formula.

12



2.2.2 Model: ol
Attempt 1 (2025-02-11T06:12:49.676336+00:00)

Detailed Solution:
Step 1: Understand the Problem

We are given a differential equation governing the number N of dark matter particles in an astrophysical
body: )

N = C - CaN?,
with the initial condition N(0) = 0. Here C represents the constant capture rate of dark matter, and Cy4 is
the dark matter annihilation rate per effective volume.

Step 2: Devise a Plan
We can solve this differential equation by separating variables. Specifically, we will write
dN
C-CaN?

integrate both sides, and then apply the initial condition N(0) = 0 to determine the constant of integration.

= dt,

Step 3: Carry Out the Plan

1. Separate variables:

dN

—— =dt.
C-CyN?

2. Integrate both sides:
Factor out C' from the denominator:

f dN _f 1 AN - l_/ dN
C-CaN? C(1-SaN2) CcJ 1-San2

1
— & - Ztanh '(aN),
(07

Let o? = %. Then

leading to

AN 11 e L (/SR
foc’ANQ_Catanh (aN)—\/Wtanh (N c)'

Hence, integrating both sides:

ﬁH
S

where K is the constant of integration.
3. Apply the initial condition:
When ¢ =0, N(0) =0. Then
tanh_l(O) =0 = K=0.

Thus,
1

VCCy
4. Solve for N(t):
Take the hyperbolic tangent of both sides:

NV = tan(VTTat) = N(t) = \/& tanb(vVTTat).

tanhfl(N(t)\/g):t — tanhfl(N(t)\/g>:t\/C’CA.

Final Answer: N(t) = / C’g tanh(v/C Ca t).
A
Converting the Solution to Python Code

Below is the required Python function that computes N(t) given C, Cy4, and ¢. It makes use of the built-in
math library for the square root and hyperbolic tangent functions.

13



def answer(C: float, C_A: float, t: float) -> float:
import math
return math.sqrt(C / C_A) * math.tanh(t * math.sqrt(C * C_A))

Verification Results:

Auto verification result (['2025-02-18T05:49:51.930632+00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 (['2025-02-11T07:16:01.0952944-00:00’]) Grade: A

Notes: The submitted solution correctly solves the differential equation using separation of variables and
arrives at a solution that is mathematically equivalent to the standard solution. The standard solution
expresses the result in terms of exponential functions, while the submitted solution uses hyperbolic tangent
functions. These are equivalent because tanh(x) = z:j The solution process includes all necessary steps,
applies the initial condition correctly, and demonstrates a clear understanding of the problem. The Python

code provided is a correct implementation of the final solution.

Attempt 2 (2025-02-11T06:13:32.279480+00:00)

Detailed Solution:
Step 1: Understand the Problem

We are given the differential equation
N =C-CaN? N(0)=0,
where C' is the dark matter capture rate, C'4 is the dark matter annihilation rate per effective volume, and

N is the number of dark matter particles in some astrophysical body. We must solve for N(t).

Step 2: Devise a Plan (Separation of Variables)

We will solve this differential equation by separating variables:

dN
C - C4N?

We integrate both sides from 0 to ¢ (time) and from N(0) =0 to N(t) (the number of particles):

N(t) i
t'.
A C- CAN’2 f

Step 3: Carry Out the Plan
1. Rewrite the integrand on the left-hand side. One standard integral is

=dt.

dN' -
f —— = tanh 1(\/— N ) (assuming appropriate sign conditions),
a-

or equivalently

dN'’ 1 1+\/EN’
/ - Ve )
a-bN2 9./qp l1-\/EN
2. Identify a = C and b= C4. Hence,
N(t)

fN(t) dN’ B 1 h_‘( 1+
0 C-CaN72 2/ C4C 1- CTAN

Evaluating at the limits,

n( 1+\/_N(t) )
2@ CaN@)

14



3. The right-hand side is simply

t/
fdt—
0

1 N(t
Ve N
b= 2\/6',4_0“<+ N(t))

Therefore,

Multiply both sides by 2./Ca C:
NCaCt= 1n( “V 2l ).

e O)
Exponentiate:
o2 VCaCt \/_N(t)
—\/%N(t)
Let
y = /L NQ).
Then
1+y _ _2yTact
l-y
Solve for y:
l+y=¢’ CACt(l—y),
1+y:ez\/cAict—62‘/@‘70%/7
y+62 CACty:eQ\/CAictil’
y(1+e2 CACt) :ezmt_17
e2V/CaCt _q
y= e2V/Calt 1
Notice that
e? -1
prry = tanh(z).

Therefore,

Y= tanh(\/ CaC t).
Recalling y = +/ %‘ N(t), we obtain

N(t) :\/g tanb(v/C4C't).

N(t) =1/ C% tanh(v/Ca C't).

Final Answer: N(t) =1/ Cg tanh(\/ Ca Ct).
A

Convert to Python Code
Below is a Python function that computes the above result. It requires no external variables or constants,

only the function arguments:

def answer(C: float, C_A: float, t: float) -> float:

import math
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C_A * C) * t)

This function returns the value of N(t) = sqrt(C / Ca) * tanh(sqrt(Ca * C) * t).
Verification Results:

15



Auto verification result ([2025-02-18T05:49:51.931046+00:00’]) Status: Correct
Evaluations:

Evaluated by gpt-4o0 ([’2025-02-11T07:16:10.5987534-00:00’]) Grade: A
Notes: The submitted solution correctly solves the differential equation using separation of variables and
arrives at a solution that is mathematically equivalent to the standard solution. The submitted solution

expresses the final answer as N(t) = / % tanh(\/ Ca Ct), which is equivalent to the standard solution’s
(62‘/6t—1)

. - T \ = 221 oluti 2 4= : .
expression N = mm because tanh(z) = ;. The solution process is thorough and includes

all necessary steps, demonstrating a correct reasoning approach. The Python code provided also correctly
implements the mathematical solution.

Attempt 3 (2025-02-11T06:14:06.136339+00:00)

Detailed Solution:
Step-by-Step Solution

1. Understand the Problem

We are given the differential equation:

dN
r C - CaN®, with the initial condition N(0) =

We want to find the function N(¢).

2. Devise a Plan

This is a first-order nonlinear ordinary differential equation. To solve it, we use separation of variables and
then apply the initial condition N(0) =0 to determine the integration constant.

3. Carry out the Plan

(a) Separate the variables:

dN ) dN
YL 0 OaN? — — g
a ¢ C — CaN? d

(b) Integrate both sides:

A
Ca

where K is an integration constant. Factor out C' in the denominator and let o = =4+ Then we get
f dN 1 f dN
C(l—onN?) - C 1-a2N2’

dN 1
fm = Eartanh(aN),

-lartan aN):t+K B ;artanl( c7‘*1\7):75+K.

o VCaC

(c) Apply the initial condition N(0) = 0:

We use the known integral

to obtain

Ql=

Since N(0) =0, we have

artanh(0)=0 — t+K =0 =— K =0.

16



Hence the solution simplifies to

ﬁartan}(\/g N(t)) =

(d) Solve for N(t):
Use the identity artanh(z) =y <= z = tanh(y):

\/gN(t) = tanh(\/mt).

Hence,
[ C
N(t) = FA tanh(\/ CACt).

Final Answer:
N(t) =1/ C’Q tanh(\/CAC’t).
A

4. Convert the Final Expression into Python Code

Below is the required Python function. It does not rely on any externally defined constants and can run
independently. Make sure to include the necessary import statement for the math module for tanh and -

def answer(C: float, C_A: float, t: float) -> float:

import math
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C_A * C) * t)

Verification Results:

Auto verification result ([2025-02-18T05:49:51.931456+-00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 ([’2025-02-11T07:16:17.071714+00:00’]) Grade: A

Notes: The submitted solution correctly solves the differential equation using separation of variables and
integration. The solution process is detailed and includes all necessary steps, such as applying the initial
condition to determine the integration constant. The final expression for N (t) is equivalent to the standard
solution, as tanh(x) and the exponential form are related through hyperbolic identities. The submitted solu-
tion also provides a Python implementation, which is a valid addition but not necessary for the mathematical
solution. Overall, the approach and final result are correct and equivalent to the standard solution.

Attempt 4 (2025-02-11T06:14:34.956348+00:00)

Detailed Solution:
Step-by-Step Solution

1. Understand the Problem
We are given the differential equation

2 _ N2
a - ¢ Cal

with the initial condition N(0) = 0. We want to find N(t) as a function of time.

2. Devise a Plan

To solve this differential equation, we can use separation of variables. We will rearrange the equation and
integrate both sides appropriately.

3. Carry Out the Plan
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3.1. Separate the Variables
dN
C-CaN?
We integrate both sides from 0 to ¢ (for the time integral) and from 0 to N(t) (for the N-integral):

N (t) dN' to
—_— = dt .
/0‘ C-CaN"? ./0‘

3.2. Simplify the Integrand

= dt.

Factor out C:

C-CaN" = C(1-%4N").

N(t) dN’ t o,
A — ")
0 C(1-a2N") 0

1 N (t) dN' t o,
— — = dt'.
C./o 1-a2N"2 ./0‘

3.3. Integrate with respect to N’

Define o? = %“. Then

Factor out é:

The integral fl N

—————— can be expressed as
a2 N2

dN'’ 1
f 1~2N? & artanh(a N'),
-« a
valid for |aN'| < 1. Hence,

N(2)

So,
1
aartanh(a]\f(t)) = t.

3.4. Solve for N(t)

Multiply both sides by C a:
artanh(a N(t)) = Cact.

Take the hyperbolic tangent of both sides:

aN(t) = tanh(C at).

; @
Since a = \/ =%+, we have

N(t) = étanh(Cat) = HC% tanh(\/CCA t).

This satisfies the initial condition N(0) = 0, because tanh(0) = 0.
Final Symbolic Answer:
C
N(t) = ‘/(TA tanb(v/C'Cx ).

4. Convert the Final Mathematical Expression into Python Code

Below is the Python function that, given C, Cy4, and ¢, returns the value of N(¢) according to our derived
formula.
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def answer(C: float, C_A: float, t: float) -> float:

nnn

Given:
dot(N) = C - C_A * N~2
with initial condition N(0) = O,

this function returns the solution:

N(t) = sqrt(C / C_A) * tanh(sqrt(C * C_A) * t).

nnn

import math
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C * C_A) * t)

N(t) = ‘/c% tanb(vOCx t).

Final Answer:

Verification Results:
Auto verification result ([2025-02-18T05:49:51.931883+-00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 ([’2025-02-11T07:16:23.350582+-00:00’]) Grade: A

Notes: The submitted solution correctly solves the differential equation using separation of variables and
arrives at a solution that is mathematically equivalent to the standard solution. The standard solution uses a
different form involving exponential functions, while the submitted solution uses hyperbolic tangent functions.
These forms are equivalent because tanh(z) = zzfj The solution process is detailed, includes all necessary
steps, and correctly applies the initial condition. The Python code provided also correctly implements the

derived formula.

Attempt 5 (2025-02-11T06:15:00.536338+00:00)

Detailed Solution:
Step 1: Understand the Problem

We have the differential equation
N(t) = C - CaN(t)?>, with N(0) = 0.
Here, C' and C4 are constants (e.g., capture and annihilation rates), and we want to find N (¢).

Step 2: Devise a Plan

1. Recognize that this is a Bernoulli- or logistic-type differential equation. 2. Separate the variables to

integrate. 3. Use the known integral form for [ —dz 4. Apply the initial condition N(0) = 0 to determine

5 . a-bxz?"
the integration constant.

Step 3: Carry Out the Plan (Solution)
We start with:

- dN 2
N(t) = — = - N-.
(1) 7 C - Ca
Separate variables:
SdNE
C - CaN2 7

Integrate both sides from 0 to ¢ in time, and from 0 to N(¢) in N:

/N(t) dN /tdt’
0 C - CaN2 Jo ’
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The right-hand side clearly becomes t. For the left-hand side, we use:

AN 1 o [3
/m— mtanh <\/;N) (for a>0, b>0, |N| <+/a/b).

Setting a = C' and b= Cj4, we get

dN 1 1 [C
= h =4 N).
fC’ T OAN? oo tan ( z )

Hence,

1 -1 [c
tanh =24 N(t)) = t.
o (Ve Vo)
Multiply both sides by /C Ca:
tanh (/4 N(t)) = ¢ VCCa.
Take the hyperbolic tangent on both sides:
V4 N(t) = tanh(t V/CCa).

Solving for N(t) gives

N(t) = /& tanh(t VTTr).

N(t) = \/CQA tanb(t v/C'C ).

Final Symbolic Solution: N(t) = \/CQ tanh(t vVC'Ca).
A

Step 4: Convert to Python Code
Below is a Python function that returns the value of N(¢) given C, Cy, and t:

def answer(C: float, C_A: float, t: float) -> float:
import math
return math.sqrt(C / C_A) * math.tanh(t * math.sqrt(C * C_A))

Final Answer:

N(t) =4 /(% tanb(t /C'Cy).

Verification Results:
Auto verification result ([2025-02-18T05:49:51.932291+4-00:00’]) Status: Correct
Evaluations:

Evaluated by gpt-4o0 ([’2025-02-11T07:16:32.111555+-00:00’]) Grade: A

Notes: The submitted solution correctly identifies the differential equation as a Bernoulli-type and separates
variables to integrate. The integration process is accurately carried out using the known integral form for
J de . The solution applies the initial condition N (0) = 0 to determine the integration constant. The final

a-bz?"

expression N (t) = 4 /% tanh(t Vel A) is mathematically equivalent to the standard solution’s expression,
as both represent the same physical behavior of the system. The approach and reasoning are correct, and the

solution is complete.

20



2.2.3 Model: deepseek-ai/DeepSeek-V3
Attempt 1 (2025-02-11T08:48:27.622467+00:00)

Detailed Solution: Mathematical Solution
We are given the differential equation: )
N=C-CaN?,
with the initial condition N(0) = 0.
Step 1: Rewrite the Differential Equation The equation is separable. We can rewrite it as:

% =C - CaN>.
Step 2: Separate Variables Separate the variables N and t:
dN
C-CaN?
Step 3: Integrate Both Sides Integrate both sides:

dN
— = [ dt.
fcchNQ f

Step 4: Simplify the Integral The left-hand side can be simplified using partial fractions. Let:
1 1 1

C’—CAN2_5'1_07AN2‘

=dt.

Let k = CC—A, then:
1 1 1

C—CaN2 C 1-k2N2

f dN *lf dN
C-CaN2 CJ 1-k2N2’

The integral on the right-hand side is a standard form:

The integral becomes:

N« 1.,
/ 1-NZ & tanh™ (kN + constant.

Thus: 1
° R tanh™ (kN = t + constant.
Step 5: Apply the Initial Condition At ¢ =0, N(0) = 0, so:
E tanh ™" (0) = 0 + constant
C k - '

Since tanh™'(0) = 0, the constant is 0.

Step 6: Solve for N(t) We have:
é : %tanh*l(kzv) =t
Solve for N:
tanh™' (kN) = Ckt,

kN = tanh(Ckt),
N = %tanh(th).

N(t) =4/ c% tanh (v/CCat).

Final Answer:

N(t) =+ /CQA tamh (vOOat) .

Python Implementation
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import math

def answer (C: float, C_A: float, t: float) -> float:
k = math.sqrt(C_A / C)
return (1 / k) * math.tanh(math.sqrt(C * C_A) * t)

This Python function answer computes the number of dark matter particles N(¢) as a function of time ¢,
given the capture rate C' and the annihilation rate C'4. The function uses the mathematical expression derived
above and the math library to compute the hyperbolic tangent function.

Verification Results:

Auto verification result ([2025-02-18T05:49:51.936547+00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:08:47.127618400:00’]) Grade: A

Notes: The submitted solution correctly solves the differential equation using separation of variables and inte-
gration. The final expression for N(t) is equivalent to the standard solution, as tanh(z) and the exponential
form are related through tanh(z) = ZZ—:} The approach is valid, and the solution process is thorough and
correct. The Python implementation correctly reflects the derived mathematical expression.

Attempt 2 (2025-02-11T08:49:03.572600+00:00)

Detailed Solution: Mathematical Solution
We are given the Boltzmann equation governing the number N of dark matter particles in an astrophysical
body:

N =C-CaN?,
with the initial condition N(0) = 0. This is a first-order nonlinear ordinary differential equation (ODE). To
solve it, we will use the method of separation of variables.
Step 1: Rewrite the ODE
First, we rewrite the ODE in a form suitable for separation of variables:

dN 2
— =C-CaN".
dt A
Step 2: Separate Variables
We separate the variables N and ¢:
dN
——— =dt.
C -CaN?

Step 3: Integrate Both Sides
We integrate both sides of the equation:

f dN */dt
C-CaN2 ™ '

The left-hand side integral can be evaluated using a standard integral formula:

f G Ltanh_1 \/Ex + constant
a-bz2  /ab a ’

Applying this to our integral with a = C and b= Ca:

dN 1 -1 CA
- tanh “An|.
fc-cAzw oo, o ( C )

Thus, we have:
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#tanh_l %N =t+ K,
CCax C
where K is the constant of integration.

Step 4: Solve for N(t)
We solve for N (t):

tanh ™" ( %N) =VCCa(t+ K).

Taking the hyperbolic tangent of both sides:

%N = tanh(\/CCA(t+K))'

Solving for N (t):

N(t) =y /C% tanh (VCCa(t+ K)).

Step 5: Apply the Initial Condition
We use the initial condition N(0) =0 to find K:

[ C
0= C—Atanh(\/CCAK).

Since tanh(0) = 0, we have:

VCCOAK =0 = K =0.

Thus, the solution simplifies to:

N(t) =1/ C% tanh (v/CCat).

Final Answer:

N(t) =4/ C% tanh (v/CCat).

Python Implementation

import math

def answer(C: float, C_A: float, t: float) -> float:
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C * C_A) * t)

This Python function answer takes the parameters C', C'4, and ¢ and returns the value of N (¢) as derived from
the mathematical solution. The function uses the math module to compute the square root and hyperbolic
tangent.

Verification Results:

Auto verification result (['2025-02-18T05:49:51.936948+00:00’]) Status: Correct
Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:08:54.203253+-00:00’]) Grade: A
Notes: The submitted solution correctly solves the differential equation using separation of variables and
arrives at a solution that is mathematically equivalent to the standard solution. The use of the hyperbolic

tangent function in the final answer, N(¢t) = , /%tanh(\/CCAt), is equivalent to the standard solution’s
expression involving exponential functions. Both solutions describe the same physical behavior of the system.
The solution process is detailed and includes all necessary steps, demonstrating a correct reasoning approach.
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Attempt 3 (2025-02-11T08:50:08.832224+00:00)

Detailed Solution: Step 1: Understand the Problem
We are given the following differential equation that describes the number N of dark matter particles in an
astrophysical body:

N =C-CusN?
with the initial condition N(0) = 0. Our goal is to find N(¢) as a function of time.
Step 2: Devise a Plan
This is a first-order nonlinear ordinary differential equation (ODE). To solve it, we can use the method of
separation of variables. The equation is separable, meaning we can rewrite it in a form where all terms
involving N are on one side and all terms involving ¢ are on the other side.
Step 3: Carry Out the Plan
Step 3.1: Rewrite the Differential Equation
The given differential equation is:

dN

— =(C-CaN?
dt 4
We can rearrange this as:
dN
——— =dt
C - CyN?

Step 3.2: Integrate Both Sides
Now, we integrate both sides of the equation:

dN
—— = [ dt
Jeawt
Step 3.3: Solve the Integral on the Left Side

The integral on the left side can be solved using partial fraction decomposition. First, we rewrite the denom-
inator:

C C
-0 = Oa (g =)= Ca (- V)
C-Ca Ca Ca Ca Ca

Let k = CQ, so the integral becomes:
A

f dN _Lf dN
Ca(k2-N2) CaJ k2-N2

The integral [ % is a standard integral and can be evaluated as:

f aN —iln‘kJrN + constant
K2-N2 2k |k-N
Thus, the left side becomes:
L i1n|k+N 1 ln’k+N
Ca 2k |k-N| 20Cak |k-N

Step 3.4: Solve the Integral on the Right Side
The integral on the right side is straightforward:

[ dt = t + constant

Step 3.5: Combine the Results
Combining both sides, we have:

! ln‘k+N‘—t+cons‘cant
204k |k-N|

Step 3.6: Apply the Initial Condition
Given N(0) =0, we can find the constant of integration. At ¢ =0, N =0:
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1 k+0
1 ‘ * ‘:O+constant

2Cak k-0
1 In(1) = constant
2Cak -
Since In(1) = 0, the constant is 0. Thus, the equation simplifies to:
1 In | k+ N| _¢
2Cak " |k-N|
Step 3.7: Solve for N (t)
Multiply both sides by 2Cak:
k+N
1 =2Cakt
! ‘ k-N ‘ 8

Exponentiate both sides:

k+N _ 2Cakt
k-N

Now, solve for N:

k+ N = e2“4* (k- N)
k+ N = ke2Cakt _ po2Cakt
N + Ne2Cakt _ . ,2Cakt _ .

N(1 +620Akt) _ k(echkt 1)

o2Cakt _q
TN f e20akt
Recall that k = CQ, SO
A
2C 4 CCA t
1
A“t): AEL.
Ca 204,/ &t
Simplify the exponent:
c
204\ | =—1t =2/CC 4t
Ca
Thus, the final expression for N(t) is:
2/CCat _q
N(#) = C e

@h e
Step 4: Convert the Final Mathematical Expression into Python Code
Now, we will implement the final expression in Python.

import math

def answer (C: float, C_A: float, t: float) -> float:
k = math.sqrt(C / C_A)
exponent = 2 * math.sqrt(C * C_A) * t
numerator = math.exp(exponent) - 1
denominator = 1 + math.exp(exponent)
return k * (numerator / denominator)
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Final Answer:
The number of dark matter particles N(t) as a function of time is given by:

C 62\/CCAt_1

N(t) = Ca 14 e2/CCat

The corresponding Python function is:

import math

def answer(C: float, C_A: float, t: float) -> float:
k = math.sqrt(C / C_A)
exponent = 2 * math.sqrt(C * C_A) * t
numerator = math.exp(exponent) - 1
denominator = 1 + math.exp(exponent)
return k * (numerator / denominator)

Verification Results:

Auto verification result ([’2025-02-18T05:49:51.937400400:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o (['2025-02-12T03:08:59.889755+-00:00’]) Grade: A

Notes: The submitted solution correctly follows the method of separation of variables and integrates both sides
of the differential equation. The integration process and the application of the initial condition are handled
correctly. The final expression for N (¢) matches the standard solution, showing that the solution is physically
equivalent. The Python code provided also correctly implements the mathematical expression. Overall, the
solution demonstrates a clear understanding of the problem and the correct application of mathematical
techniques.

Attempt 4 (2025-02-11T08:50:44.089119+00:00)

Detailed Solution: Step 1: Understand the Problem
We are given a differential equation that describes the rate of change of the number of dark matter particles
N(t) in an astrophysical body:

N =C-CaN?
with the initial condition N(0) = 0. Our goal is to find N(¢) as a function of time.
Step 2: Devise a Plan
This is a first-order nonlinear ordinary differential equation (ODE). To solve it, we can use the method of
separation of variables. The equation is separable, meaning we can rearrange it to isolate N and ¢ on opposite
sides of the equation.
Step 3: Carry Out the Plan
Step 3.1: Separate Variables
Start with the given differential equation:

dN 2
— =(C-CaN
dt 4
Separate the variables N and ¢:
dN
——— =dt
C - CusN?2

Step 3.2: Integrate Both Sides
Integrate both sides of the equation:

f dN —fdt
C -CaN?2
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The left-hand side (LHS) integral can be evaluated using a standard integral formula. The integral of ﬁ
is:

f » flsz = ﬁ tanh™* (\/\/Eg) + constant

Applying this to our integral:
dN 1 1 (VCaN
f = tanh
C-CaN? /CCa VC
The right-hand side (RHS) integral is straightforward:

) + constant

[ dt = t + constant

Step 3.3: Combine the Results
Combining the results of the integrals:

N
=t + constant

Step 3.4: Apply the Initial Condition
Apply the initial condition N(0) = 0:

tanh™! ( Cul
VT

Since tanh™(0) = 0, the constant is zero. Thus, we have:

e tanh™ (YY) <

) = 0 + constant

Step 3.5: Solve for N (t)
Multiply both sides by /CCa:

Take the hyperbolic tangent of both sides:

VCaN = tanh (\/CCAt)

Ve
Solve for N (t):
N(t) = % tanh (V/CCat)

Final Answer:

N(t) = \/\/CEA tanh (v/CCat)

Python Implementation:

import math

def answer(C: float, C_A: float, t: float) -> float:
return (math.sqrt(C) / math.sqrt(C_A)) * math.tanh(math.sqrt(C * C_A) * t)

This Python function answer takes the parameters C, Ca,andtandreturnsthevalueof N(t) as derived above.
The function uses the math module to compute the square root and hyperbolic tangent.
Verification Results:

Auto verification result ([2025-02-18T05:49:51.937805+00:00’]) Status: Correct

Evaluations:
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Evaluated by gpt-4o0 (['2025-02-12T03:09:06.226694+00:00’]) Grade: A

Notes: The submitted solution correctly solves the differential equation using separation of variables and
arrives at a solution that is mathematically equivalent to the standard solution. The standard solution
uses a different form involving exponential functions, while the submitted solution uses hyperbolic tangent
functions. These forms are equivalent due to the identity tanh(z) = jzz—;} The solution process is clear,
includes necessary steps, and applies the initial condition correctly. The Python implementation correctly
reflects the derived solution.

Attempt 5 (2025-02-11T08:51:19.121715+00:00)

Detailed Solution: Mathematical Solution
We are given the Boltzmann equation governing the number N of dark matter particles in an astrophysical
body:

N=C-CaN?
with the initial condition N(0) = 0. This is a first-order nonlinear ordinary differential equation (ODE). To
solve it, we will use the method of separation of variables.

Step 1: Rewrite the ODE
First, rewrite the ODE in a form suitable for separation of variables:

dN

— =C-CaN>.
dt A
Step 2: Separate Variables
Separate the variables N and ¢:
dN
—— =dt.
C-CaN?

Step 3: Integrate Both Sides
Integrate both sides of the equation:

[ - N4 f
Step 4: E\/a.lllate the Integral

The left-hand side integral can be evaluated using partial fractions. First, rewrite the integrand:

1 1 1

C’—CANQ_a'l_CTANz'

(&) .
Let k=+/~Z, then:

1 1 1

C-CaN2 C 1-k2N2

The integral becomes:

lfdiN—tﬁLconstant
CcJ 1-k2N2 ‘

1

The integral of === is:

dN 1 1
fm :%tanh (k‘N)
Thus, we have:

1

ok tanh™ (kN) = ¢ + constant.

e

Step 5: Apply the Initial Condition
Apply the initial condition N(0) = 0:
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1 _
Yol tanh™' (0) = 0 + constant —> constant = 0.

Thus, the equation simplifies to:

é tanh™" (kN) = t.

Step 6: Solve for N (t)
Solve for N (t):

tanh™' (kN) = Ckt —> kN = tanh(Ckt).

Ca.

Finally, substitute back k = %

N(t) = %tanh(th) =7/ c% tanh (v/CCat).

Final Answer:

N(t) =1/ C£ tanh (v/CCat).
A
Python Implementation

import math

def answer(C: float, C_A: float, t: float) -> float:
k = math.sqrt(C * C_A)
return math.sqrt(C / C_A) * math.tanh(k * t)

This Python function answer takes the parameters C, Ca,andtandreturnsthevalueof N(t) as derived from
the mathematical solution. The function uses the math module to compute the square root and hyperbolic
tangent.

Verification Results:

Auto verification result ([’2025-02-18T05:49:51.938209+00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 ([’2025-02-12T03:09:12.716468+00:00’]) Grade: A
Notes: The submitted solution correctly solves the differential equation using separation of variables and

integration. The final expression for N(t), N(t) = \ /% tanh (\/CCAt), is mathematically equivalent to the
(ezﬁtl

2z
standard solution’s expression, N = %m, since tanh(z) = 2211 The approach and steps are clear

and correct, demonstrating a solid understanding of the mathematical concepts involved.
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2.2.4 Model: deepseek-ai/DeepSeek-R1
Attempt 1 (2025-02-11T09:58:38.041400+00:00)

Detailed Solution:
To solve the given Boltzmann equation for N(t), we start with the differential equation:

N =C -C4N?

This is a separable differential equation. Rearranging and integrating both sides:

f dN —fdt
C-CaN2

Using substitution and partial fractions, the integral simplifies to:

1 1 \/C/Ca+ N
n =
2v/CCa C/Ca-N

Applying the initial condition N (0) = 0, we solve for the constant of integration and exponentiate both sides
to isolate N. After algebraic manipulation, we find:

N(t) = /C£ tanh (VCCat)
A
This solution satisfies the differential equation and initial condition.

import math

def answer(C: float, C_A: float, t: float) -> float:
sqrt_C_over_CA = math.sqrt(C / C_A)
sqrt_C_CA = math.sqrt(C * C_A)
return sqrt_C_over_CA * math.tanh(sqrt_C_CA * t)

Final Answer:
The number of dark matter particles as a function of time is given by:

N(t) = /C% tanh (V/CCat)

import math

def answer(C: float, C_A: float, t: float) -> float:
sqrt_C_over_CA = math.sqrt(C / C_A)
sqrt_C_CA = math.sqrt(C * C_A)
return sqrt_C_over_CA * math.tanh(sqrt_C_CA * t)

Verification Results:

Auto verification result ([2025-02-18T05:49:51.938649+00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:09:18.734584+00:00’]) Grade: A

Notes: The submitted solution correctly identifies the differential equation as separable and performs the
integration accurately. The solution process includes the correct application of partial fractions and integration
techniques, leading to the correct expression for N(t). The final expression N(t) = \/g tanh (\/ CCa t) is
mathematically equivalent to the standard solution. The Python code implementation is also correct and
consistent with the derived formula. The solution demonstrates a clear understanding of the problem and
the necessary mathematical concepts.

Attempt 2 (2025-02-11T09:59:23.720940+00:00)
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Detailed Solution:

To solve the given differential equation for N(t), we start by recognizing it as a separable equation. Through
integration and applying the initial condition N(0) = 0, we derive the solution using hyperbolic tangent
function. The final expression for N(t) is:

N(t) =4/ C%tanh(\/CCA t)

This solution satisfies the initial condition and approaches the equilibrium value \/C/C4 as t — oco.

import math

def answer(C: float, C_A: float, t: float) -> float:
sqrt_C_over_CA = math.sqrt(C / C_A)
sqrt_C_times_CA = math.sqrt(C * C_A)
return sqrt_C_over_CA * math.tanh(sqrt_C_times_CA * t)

Verification Results:

Auto verification result (['2025-02-18T05:49:51.939086+00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:09:24.481093+-00:00’]) Grade: A

Notes: The submitted solution correctly identifies the differential equation as separable and proceeds with
the correct integration technique. The solution derives the expression for N(t) using hyperbolic tangent
functions, which is equivalent to the standard solution. The initial condition N(0) = 0 is applied correctly,
and the solution approaches the correct equilibrium value as ¢ - co. The Python code provided accurately
implements the derived formula. Overall, the solution is physically equivalent to the standard answer and
demonstrates a correct reasoning approach.

Attempt 3 (2025-02-11T10:00:14.782299+00:00)

Detailed Solution: )
To solve the given differential equation N = C'— C4N? with the initial condition N(0) = 0, we first recognize
it as a separable equation. By separating variables and integrating, we derive the solution:

N(#) = /C%tanh(\/C_CAt)

This solution satisfies both the differential equation and the initial condition. The hyperbolic tangent function
ensures that N (t) asymptotically approaches the equilibrium value /C/Cy4 as t — oo.

import math
def answer (C: float, C_A: float, t: float) -> float:
sqrt_C_over_CA = math.sqrt(C / C_A)
sqrt_C_times_CA = math.sqrt(C * C_A)
return sqrt_C_over_CA * math.tanh(sqrt_C_times_CA * t)

Verification Results:

Auto verification result ([2025-02-18T05:49:51.939521+00:00"]) Status: Correct
Evaluations:

Evaluated by gpt-4o0 ([’2025-02-12T03:09:31.451087+00:00’]) Grade: A

Notes: The submitted solution correctly identifies the differential equation as separable and proceeds to sep-
arate variables and integrate both sides. The solution process is detailed and correctly applies the integration
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technique to arrive at the expression for N(¢). The final expression N(t) = /C/C4 tanh(v/CC4t) is math-
ematically equivalent to the standard solution. The solution also verifies the correctness by checking the
initial condition and the behavior as ¢t - oo. The Python code provided correctly implements the derived
expression. Overall, the solution demonstrates a clear understanding of the problem and the mathematical
concepts involved.

Attempt 4 (2025-02-11T10:01:07.289328+00:00)

Detailed Solution:

import math

def answer(C: float, C_A: float, t: float) -> float:
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C * C_A) * t)

Verification Results:

Auto verification result ([’2025-02-18T05:49:51.939942+400:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:09:38.966515+00:00’]) Grade: A

Notes: The submitted solution correctly solves the differential equation N = C' — C4sN? using separation of
variables and integration. The solution process is detailed and correctly applies the initial condition N (0) =0
to determine the integration constant. The final expression N(t) = \/g-tanh(\/C -Ca-t) is mathematically
equivalent to the standard solution. The solution also includes a Python function that accurately computes
N(t) given C, Ca, and t. The dimensional analysis confirms the correctness of the solution, ensuring that the
argument of the tanh function is dimensionless. Overall, the solution demonstrates a strong understanding
of the mathematical concepts involved.

Attempt 5 (2025-02-11T10:01:53.174678+00:00)

Detailed Solution:

The given differential equation is a separable first-order ODE. By separating variables and integrating, we find
the solution using hyperbolic tangent function due to the form of the integral. Applying the initial condition
and simplifying yields the final expression for N(t).

Final Answer:
N(t) = /C£ tanh (V/CCat)
A

import math

def answer (C: float, C_A: float, t: float) -> float:
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C * C_A) * t)

Verification Results:
Auto verification result ([2025-02-18T05:49:51.940365+00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o ([’2025-02-12T03:09:45.397777+00:00’]) Grade: A

Notes: The submitted solution correctly identifies the differential equation as separable and integrates it
to find the solution using the hyperbolic tangent function. The solution process is detailed and logically
consistent, leading to the correct final expression for N(¢). The Python code provided accurately implements
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the mathematical solution. The final answer N (¢) =/ % tanh (\/CC’A t) is mathematically equivalent to the
standard solution, demonstrating a correct understanding of the problem.

33



2.2.5 Model: Qwen/QwQ-32B-Preview
Attempt 1 (2025-02-11T21:08:59.783424+00:00)

Detailed Solution: Alright, let’s tackle this problem step by step. We have a differential equation that
describes the number of dark matter particles, N(t), in an astrophysical body over time. The equation is:

N =C-CaN?
with the initial condition N(0) = 0. Our goal is to find N(¢) as a function of time.
Step 1: Understand the Problem
First, I need to understand what this equation is telling us. The rate of change of N with respect to time,
N, is equal to the capture rate C' minus the annihilation rate C4N?. This makes sense because particles
are being captured at a constant rate C, but they are also annihilating at a rate proportional to N?, since
annihilation typically involves pairs of particles.
Given that N(0) = 0, meaning there are no dark matter particles initially, we need to find how N evolves over
time.
Step 2: Devise a Plan
This is a first-order nonlinear ordinary differential equation (ODE). Specifically, it’s a separable equation
because we can write it in the form:

dN

— =C-CuN?
dt 4

To solve this, I can separate the variables N and ¢ and integrate both sides.
Step 3: Carry Out the Plan
Let’s rearrange the equation to separate N and t:

dN
C-CaN?
Now, integrate both sides. The left side is with respect to N, and the right side is with respect to ¢:

dN
[ ==/
C-CaN?
The integral on the right is simply ¢ + constant. The integral on the left is a bit more complicated. To solve

it, I can use partial fraction decomposition.
First, factor the denominator:

=dt

Ca

C - CaN? :C(l—?NQ) =C(1-( Ca

?N)2)

Lets define k = \/%, so the denominator becomes:

C(1-k*N?)

f%:fdt

I can factor out C' from the denominator:

Now, the integral becomes:

lfﬂ—t+comstant
cJ 1-k2N2

1+kN
1-kN

The integral [ % is a standard integral that equals i ln|
So, plugging this back in:

| + constant.

1 1+kN

1
6% n‘l—k:N =1+ constant

Simplify by combining constants:

1 1 ‘1+kN

207 n kN =t + constant
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Now, solve for N. First, isolate the logarithm:

1+EN
1-kN
Exponentiate both sides to eliminate the logarithm:

In ‘ = 2Ck(t + constant)

1-kN
Lets absorb the absolute value into the constant by writing:

1+kN _ eQC’k(tJrconstant)

1+kN 20kt
=A
1-kN €

where A = ieQCkrconstant.

Now, solve for N:

1+ kN = A" (1 - kN)

1+ kN = Ae®C* — Ak N2

Bring all terms involving /N to one side:

EN + AkNe2CFt = 42Ckt _ 1

N(k+ Ake®C*") = Ae*“* -1

N Ae2Ckt _ 1
 k(Ae2Ckt 1+ 1)
Recall that k = %“, so substitute back:

Ca
2C\/ 4+t
Ae c -1

\/C—TA(AeZC\/gt +1)

N =

Now, apply the initial condition N(0) = 0:

Ae -1 A

-1
V@4 1) (JS(a+1)

For this to be zero, the numerator must be zero:

0=

A-1=0 = A=1

So, the solution simplifies to:
C
e2€ LAt 1

C
Va2V 4 1)

This looks a bit messy. Lets define a = \/ %“, So:

N =

eQCat -1

- a(e?Cat +1)

Alternatively, we can use the hyperbolic tangent function, tanh, which is defined as:

2z_1

tanhx =
e2r +1

So, our expression for N becomes:
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N = ltamh(C’ozt)
a

_ 1 g/ E JOO
N—\/atanh(c Ct)— CAtanh(t CCA)
C

This is the expression for N(t).
Final Answer:

Recall that a =/ %‘7 So:

N(t) =+ /C%tanh (+v/CCTx)

Python Code
To implement this solution in Python, we can use the math module for the hyperbolic tangent function.
Here’s how you can write the function:

import math

def answer(C: float, C_A: float, t: float) -> float:
sqrt_C_C_A = math.sqrt(C * C_A)
tanh_term = math.tanh(t * sqrt_C_C_A)
N_t = math.sqrt(C / C_A) * tanh_term
return N_t

Explanation

1. Mathematical Solution: - We started with the differential equation N = C—~C4N?. - Separated variables
and integrated both sides. - Used partial fractions and standard integrals to solve for N(¢). - Applied the
initial condition N(0) = 0 to find the constant of integration. - Simplified the expression using hyperbolic
functions for clarity.

2. Python Implementation: - Defined a function answer that takes C', C'x, and t as inputs. - Computed
the square root of the product C' x C4. - Used the math.tanh function to compute the hyperbolic tangent. -
Calculated N(t) using the derived formula and returned the result.

This approach ensures that the problem is solved both mathematically and computationally, meeting the
requirements specified.

Verification Results:

Auto verification result (['2025-02-18T05:49:51.943116+400:00’]) Status: Correct

Evaluations:

Evaluated by gpt-40 (['2025-02-12T03:10:27.047755+-00:00"]) Grade: A
Notes: The submitted solution correctly solves the differential equation N = C'— C4N? using separation of
variables and integration. The solution process includes necessary steps such as partial fraction decomposition

and integration, leading to the expression N (%) = /% tanh (t\/CC’A). This is mathematically equivalent to

Ve (62\/C’t71)
. _ JC
the standard solution N = Joa 7(e2¢5t+1)

functions simplifies the expression. The Python implementation is a correct computational representation of
the derived formula.

e?t_1
e2T 41"

as tanh(x) = The approach is valid, and the use of hyperbolic

Attempt 2 (2025-02-11T21:10:07.543076+00:00)

Detailed Solution: To solve this problem, we need to find the function N (¢) that describes the number of
dark matter particles in an astrophysical body over time, given the differential equation:

N =C -CuN?
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with the initial condition N(0) = 0.
Step 1: Understand the Problem
We have a first-order nonlinear ordinary differential equation (ODE):

dN 2

E C-CaN
where C' and C'4 are positive constants representing the capture rate and the annihilation rate per effective
volume, respectively.
Our goal is to solve this ODE with the initial condition N(0) =0 to find N(¢).
Step 2: Devise a Plan
This is a separable differential equation, which means we can rearrange it so that all terms involving N are on
one side and all terms involving ¢t are on the other side. We can then integrate both sides to find the solution.
The general approach for solving separable ODEs is:
1. Separate the variables N and t. 2. Integrate both sides. 3. Apply the initial condition to solve for any
constants of integration.
Step 3: Carry Out the Plan
Step 3.1: Separate Variables
Starting with the ODE:

dN 9
— =(C-CaN
dt A
We can rewrite this as:
dN
—— =dt
C-CaN?

Step 3.2: Integrate Both Sides
Now, integrate both sides:

f%:f‘”

The left-hand side is an integral with respect to N, and the right-hand side is an integral with respect to t.
First, let’s focus on the left-hand side integral:
f dN
C -CsN?

To make this integral easier, we can factor out C' from the denominator:

f dN _lf dN
ca-%nN2) CJ

= 2
(V)
Lets make a substitution to simplify the integral. Let:

[ Ca
=\/—N
b C
Ca C
=\/—2adN N=v/—=—
du Cd = d CAdu

Substituting v and dN into the integral:

1f\/cCAdU_ 1 du
C 1-u? _\/C’CA 1-u?

1?32 is a standard integral that equals tanh™ (u), the inverse hyperbolic tangent function.

Then:

The integral [
So:

tanh™ (u) + Cy =t + Ca

A
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Combining constants C; and C into a single constant Cs:

tanh™" (u) =t + Cs

1
VCCa

tanh* (\ / %AN) = \/C’_C'A(t +C3)

Taking the hyperbolic tangent of both sides:

Step 3.3: Solve for N (t)

Recall that u = %‘N, S0:

\/ %N = tanh(\/ CCa(t+ 03))

Therefore:

N =1/ C%tanh(\/CCA(t+ Cs))

Step 3.4: Apply the Initial Condition
We are given that N(0) = 0. Let’s apply this condition to find Cs:

0=1/ C%tanh(\/CC’A(O+ CS))

Since - /% is nonzero, we must have:

tanh (\/CCAC3) =0

The hyperbolic tangent function tanh(z) is zero only when x = 0. Therefore:

VCH?AC%2=O — C%2=0

So the solution simplifies to:

N(t) = /C%tanh(\/C_CAt)

Final Answer:

N(t) = /C% tanh (VCCat)

Python Code
To implement this solution in Python, we can use the math module for the hyperbolic tangent function.
Here’s how you can write the function:

import math

def answer (C: float, C_A: float, t: float) -> float:
sqrt_term = math.sqrt(C * C_A)
tanh_term = math.tanh(sqrt_term * t)
N_t = math.sqrt(C / C_A) * tanh_term
return N_t

Explanation

1. Mathematical Solution: - We started with the given differential equation and separated variables. -
Integrated both sides and applied the initial condition to find the constant of integration. - Arrived at the
final expression for N (t¢) using the properties of hyperbolic functions.

2. Python Implementation: - The function answer takes three parameters: C, Cy4, and t. - It calculates
the square root of the product C' x C'4. - Computes the hyperbolic tangent of the product of this square root
and time ¢. - Multiplies this by the square root of % to get N(¢). - Returns the computed value of N(t).
Verification Results:
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Auto verification result ([2025-02-18T05:49:51.943541+-00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o ([’2025-02-12T03:10:32.643813+-00:00’]) Grade: A

Notes: The submitted solution correctly solves the differential equation using separation of variables and
arrives at a solution that is mathematically equivalent to the standard solution. The use of hyperbolic
functions in the submitted solution is a valid alternative to the logarithmic form in the standard solution.
Both solutions describe the same physical behavior of the system. The integration process, application of
initial conditions, and final expression for N(t) are all correctly handled. The Python code provided is a
correct implementation of the mathematical solution.

Attempt 3 (2025-02-11T21:11:14.058337+00:00)

Detailed Solution: Alright, let’s tackle this problem step by step. We have a differential equation that
describes the number of dark matter particles, N(t), in an astrophysical body over time. The equation is:

N =C-CaN?
with the initial condition N(0) = 0. Our goal is to find N(¢) as a function of time.
Step 1: Understand the Problem
First, I need to understand what this equation is telling us. The rate of change of N with respect to time,
N, is equal to the capture rate C' minus the annihilation rate C,4 N2. This makes sense because partlcles are
being captured at a rate C, but they are also annihilating in pairs at a rate proportional to N?, since two
particles are needed for annihilation.
Given that N(0) = 0, meaning there are no dark matter particles initially, we need to find how N evolves over
time.
Step 2: Devise a Plan
This is a first-order nonlinear ordinary differential equation (ODE). Specifically, it’s a separable equation
because we can write it in the form:

dN 2

o C—-CuaN
To solve this, I can separate the variables N and ¢ and integrate both sides.
Step 3: Carry Out the Plan
Let’s rearrange the equation to separate N and t:

dN
C-CaN?
Now, integrate both sides. The left side is with respect to IV, and the right side is with respect to ¢:

f dN —fdt
C-CaN2 ~

Let’s focus on the left integral. To make it easier, factor C' out of the denominator:

[ e
L

Now, let’s make a substitution to simplify the integral. Let:

Cy
=\/ AN
b C
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Then:

dN = —d
o

Substitute back into the integral:
@
1f Vead [a
C 1-u2

Simplify the constants:
1
1 fodu / dt
V/CC4 1-u?

The integral on the left is a standard integral that can be expressed in terms of the inverse hyperbolic tangent
function, tanh™ (u):

tanh™ (u) =t + K
A

where K is the constant of integration.
Now, substitute back for wu:

1
VCCa

To find the constant K, use the initial condition N(0) = 0:
1 =i CA
tanh " [/ —-0]=0+K = K =0
VCCa ( (o )

1 -1 CA
—— tanh —N|=t
CCA - ( C )

_ Ch
tanh™* ZLAN|=t+K
an ( C ) +

So the equation simplifies to:

Now, solve for N:
-1 CA
tanh ( CN) :t\/ CCA
Take the hyperbolic tangent of both sides:

%N = tanh (t\/ CCA)

Finally, solve for IV:

N(t) = C%tanh (tV/CCa)

Final Answer:

N(t) =1/ C%tanh (tvV/CCa)

Now, let’s implement this in Python as required.

Final Solution To solve this problem, we need to find the number of dark matter particles N(¢) in an
astrophysical body as a function of time, given the capture rate C' and the annihilation rate per effective
volume C4. The governing equation is:

N=C-CsN?
with the initial condition N(0) = 0.
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Approach

1. Understand the Problem: - The rate of change of N is due to capture minus annihilation. - Annihilation
is proportional to N2 because it involves pairs of particles.

2. Mathematical Solution: - Solve the separable differential equation. - Integrate both sides after separa-
tion. - Apply the initial condition to find the constant of integration. - Solve for N(t).

3. Python Implementation: - Translate the mathematical solution into a Python function. - Use the math
module for the hyperbolic tangent function.

Solution Code

import math

def answer (C: float, C_A: float, t: float) -> float:
sqrt_CC_A = math.sqrt(C * C_A)
tanh_term = math.tanh(t * sqrt_CC_A)
N_t = math.sqrt(C / C_A) * tanh_term
return N_t

Explanation

1. Mathematical Solution: - We separated variables and integrated both sides. - Used the inverse
hyperbolic tangent function and applied the initial condition to solve for the constant. - Expressed N(t) in
terms of the hyperbolic tangent function.

2. Python Implementation: - Calculated the square root of the product CxC4. - Computed the hyperbolic
tangent of ¢ times the square root. - Multiplied by the square root of % to get N (¢).

Verification Results:

Auto verification result (['2025-02-18T05:49:51.943962+00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 ([’2025-02-12T03:10:40.674395+00:00’]) Grade: A

Notes: The submitted solution correctly solves the differential equation N =C - CaN? using separation of
variables and integration. The solution process is detailed and includes all necessary steps, such as variable
substitution and integration. The final expression N (¢) = \/g tanh(t\/CC4) is mathematically equivalent
to the standard solution’s expression for N(¢). Both solutions describe the same physical behavior of the
system, reaching the steady state as ¢ - co. The use of the hyperbolic tangent function is a valid alternative
to the exponential form in the standard solution, demonstrating a different but correct approach.

Attempt 4 (2025-02-11T21:12:59.375607+00:00)

Detailed Solution: To solve this problem, we need to find the function N (¢) that describes the number of
dark matter particles in an astrophysical body over time, given the differential equation:

N =C -C4N?

with the initial condition N(0) = 0.
Step 1: Understand the Problem
We have a first-order nonlinear ordinary differential equation (ODE):

dN 2

e C—-CaN
where C' and C'4 are positive constants representing the capture rate and the annihilation rate per effective
volume, respectively.
Our goal is to solve this ODE with the initial condition N(0) =0 to find N(¢).
Step 2: Devise a Plan
This is a separable differential equation, meaning we can rearrange it so that all terms involving N are on
one side and all terms involving ¢t are on the other side. We can then integrate both sides to find the solution.
The general approach for solving separable ODEs is:
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1. Separate the variables N and ¢. 2. Integrate both sides. 3. Apply the initial condition to solve for any
constants of integration. 4. Solve for N(¢).

Step 3: Carry Out the Plan

Step 3.1: Separate Variables

Starting with the ODE:

dN 2
— =C-CaN
dt 4
We can rewrite this as:
dN
——— =dt
C-CsN?

Step 3.2: Integrate Both Sides
We need to integrate both sides:

f dN _/dt
C-CusN2 ~

First, let’s simplify the integral on the left-hand side. Factor out C' from the denominator:

[ ewewm S

Let k2 = S assuming C and C'4 are positive, so k is real and positive. Then the equation becomes:

C
dN
fC(l—k2N2) :fdt

This integral can be solved using partial fractions. Notice that:

1 1
1-k2N2  (1-kN)(1+kN)

Using partial fractions, we can write:

1 __A B
(1-kN)(1+EkN) 1-kN 1+kN

Solving for A and B:

1=A(1+kN)+B(1-kN)

Set N=%i
1 1 1
=A@tk )+ B(L-k3) = A@2) + BO) = A=
Set N:—%:
1= Ak () + BOL-k+(-3)) = A0) + B(2) = B=7
So:

1 1( 1 1 )
== +
1-k2N2 2\1-kKN 1+kN

/S (e o)
2\1-kN 1+kN)

aN

C
1 1 1
2 N =
20/(1—kN+1+kN)d fdt

%(—%ln\lka|+%ln\1+kN|):t+C1

Thus, the integral becomes:

Integrate both terms:
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Simplify:

1
3Ch (In|1+EN|-In|1-EkN|) =t+Cq
1 1+kN
2Ck 1—kN| =G
Step 3.3: Apply Initial Condition
Now, apply the initial condition N(0) = 0:
1 1+k-0
—1 =0+C
2Ck n|1—k~0‘ i
L Inl=Cy = C1=0
2ck ! '
So the equation simplifies to:
1 n‘l +kN|
2Ck [1-kN|
Step 3.4: Solve for N (t)
First, solve for the logarithmic expression:
1+kN
1 =2
n| = kN‘ Ckt
Exponentiate both sides:
1+kN _ _2Ckt
1-kN|

Since N starts at 0 and increases, and k is positive, we can drop the absolute value:

1+kN*62th
1-kN

Now, solve for N:

1+kN = (1-kN)
1+kN = 62th _ kNeQth
EN + ENe2CFt = 200 _q

EN(1 + 25%t) = 20k _ 3

£2Ckt _q

" k(1 + e20R1)
Recall that k* = %, so k = %“. Substitute back:

Ca
2C\/ =4+t
e -1

\/%(1 +e2c\/gt)

2C4 / % =2/CCa

N(t) =

Simplify the exponent:

So:
e2VCCat _q
N(t) =
/%4(1 + eQ«/CCAt)
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To simplify further, multiply numerator and denominator by \/C:

\/6(62 CCat _ 1)

N(t) =
VCa(l + eVt
This can be written as:
2,/CCat _
N(t) _ \/5 e 1

VCa "1+ e2/C0at
Recognize that:

e’ -1 T
=t (£
eyl an (2)

So:

VG
VCa

N(t) = -tanh (V/CClat)

Thus, the final expression for N (t) is:

N(t) =1/ C% tanh(\/CCAt)

Final Answer:

N(t) =y /C% tanh (v/CCat)

Python Code
To implement this solution in Python, we need to translate the mathematical expression into code. We'll use
the math module for the square root and hyperbolic tangent functions.

import math

def answer(C: float, C_A: float, t: float) -> float:
sqrt_C_C_A = math.sqrt(C * C_A)
tanh_term = math.tanh(sqrt_C_C_A * t)

N_t = math.sqrt(C / C_A) * tanh_term
return N_t

Explanation

1. Mathematical Solution: - We started with the given differential equation and initial condition. - We
separated variables and integrated both sides. - Applied the initial condition to solve for the constant of
integration. - Solved for N (¢) and simplified the expression using properties of logarithms and exponents. -
Further simplified the expression using the hyperbolic tangent function for clarity.

2. Python Implementation: - We defined a function answer that takes C', C4, and t as inputs. - Computed
the square root of the product C' x C4. - Calculated the hyperbolic tangent of \/CCa x t. - Multiplied by the
square root of % to get N(¢). - Returned the result.

This approach ensures that the mathematical solution is accurately translated into a functional Python code
that can be used to compute N(t) for given values of C, Ca, and ¢.

Verification Results:

Auto verification result ([2025-02-18T05:49:51.944394+-00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o (['2025-02-12T03:10:47.558994+-00:00’]) Grade: A

Notes: The submitted solution correctly solves the differential equation using separation of variables and
integrates both sides. The solution process is detailed and includes all necessary steps, such as applying
the initial condition and simplifying the expression using hyperbolic functions. The final expression for
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N(t) = 4 /% tanh (\/C’CAt) is mathematically equivalent to the standard solution’s expression for N. The

use of hyperbolic tangent is a valid simplification of the logarithmic form, and the Python code accurately
implements the mathematical solution.

Attempt 5 (2025-02-11T21:14:41.806639+00:00)

Detailed Solution: Alright, I’'ve got this problem to solve. It’s about dark matter in astrophysical bodies,
which sounds pretty interesting, but I need to focus on the math here. The problem gives me a Boltzmann
equation that describes how the number of dark matter particles, N, changes over time, t. The equation is:

N =C -C4N?

And it says that initially, at time t=0, N(0)=0. I need to find N(t), which is how N changes with time.
First, I need to understand what this equation is saying. is the rate of change of N with respect to time, so
it’s a differential equation. It’s saying that the rate of change of N is equal to the capture rate, C, minus the
annihilation rate, which is proportional to N squared via Ca4.

So, this is a first-order differential equation because it involves the first derivative of N with respect to t. It
looks like a nonlinear equation because of the N squared term. I need to solve this differential equation with
the initial condition N(0)=0.

Let me recall how to solve first-order differential equations. For linear equations, there are standard methods
like integrating factors, but since this is nonlinear, I might need to use separation of variables or some other
technique.

Let me try separation of variables. The general idea is to get all the N terms on one side and all the t terms
on the other side, then integrate both sides.

So, starting with:

N =C-CaN?®
I can write as dN/dt, so:

dN 2

— =C-CuN

dt 4
Now,dNdt

dN
——=dt
C - C4N?

NN(0)=0N(t)=Nt0t

N 4N’ o
- [ a
b e,

tC - CaN"
C - CaN"?C(1-(Ca/C)N)K* = C4/CC(1-Ek*N")
k*=Ca4/C
N dN’ t o,
fo C(1-k2N"2) fo dt
1/C

1 N dN'
@ /o T-k2nNz
dN’ / (1 - K*N")(1/(2k)In|(1 + kN")/(1 - kN")|ON
tangent dx / (1-ax)= (1/(2a)) In — (1 + ax)/(1 - ax) — + constant

1 in|1+kN
C 2k |1-kN

N
=t

0
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L ‘1+kN B

20k 1=kN|~
N=0In(1/1)=0
N(t)2 C k
1+EkEN
1 =20kt
n‘ k|2
‘ 1+kN _ eQth
1-kN
1+ kN _ eQth
1-kN
N
1+kN =2 (1-kN)
1+ kN _ eQth _ kNeQth
N

EN + kNe2CF = 26kt _q

factor out N:
N(k+ keQth) = 20kt _q
o2Ckt _
- k(1 + e2Ckt)

kk? = Ca/Ck = sqrt(Ca/C)

20/C4/Ct _ 4

e
N(t) =
)= o1+ excvexion,
eCVCa/Ct
tanh(x) = (e** - 1)/(e** +1)
N(t) ~ eat -1
T k(1 +ent)

a=2Ck=2Csqt(Ca/C) =2sqrt(C*/Ca).
a

a=2Ck=2Csqrt(Ca/C) =2sqrt(C % Cy)
a=2sqrt(C * Cy)

eat_l eat_l

N = e - JCAlC(1+eot)

tanh(x/2) = (" -1)/(e” + 1)

1+ eateat -1

tanh(a t / 2)

tanh(x) = (e2® — 1)/(e*® + 1)tanh(at/2) = (e** = 1)/(e* + 1)
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N(t) = tanh(at / 2) / k
wait, let’s see.

N(t) = = — tanh 5

k(1+et) k e+l k
tanh(x) = (e2® — 1)/(e*® + 1)tanh(z/2) = (e* - 1)/(e* + 1)

N(t) = (1/k) tanh(a t / 2)

a=2sqrt(C * Ca)k = sqrt(Ca/C)

1/k = sqrt(C / Ca)

N(t) = sqrt(C / Ca) * tanh(sqrt(C * Ca)t)

et -1 1 e®-1 1 (at)

N(t) =1/ C%tanh(\/CCA t)

N(0)=0

t=0tanh(0)=0N(0)=0

tN(t)

ttanh(x)IN(t) sqrt(C / Ca).
capture rate annihilation rate.

Python
C, Ca,tN(t)

import numpy as np

def answer(C: float, Ca : float,t: float)— > float :
a = np.sqrt(C * Ca) * ¢

n = np.sqrt(C / Ca) * np.tanh(a)

return n

numpysqrttanh

CC4CCy

import numpy as np

def answer(C: float, C4 : float,t: float)— > float :
a = np.sqrt(C * Ca) x ¢t

n = np.sqrt(C / Ca) * np.tanh(a)

return n

Final Answer:

C
N(t) = y /C— tanh (v/CCa t)
A
To implement this solution in Python, use the following code:

import numpy as np
def answer(C: float, C_A: float, t: float) -> float:
a = np.sqrt(C * C_A) * t
n = np.sqrt(C / C_A) * np.tanh(a)

return n

Verification Results:

Auto verification result (['2025-02-18T05:49:51.944834+-00:00’]) Status: Correct

Evaluations:
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Evaluated by gpt-4o0 (['2025-02-12T03:10:55.187374+00:00’]) Grade: A
Notes: The submitted solution correctly solves the differential equation using separation of variables and
arrives at a solution that is mathematically equivalent to the standard solution. The final expression N (t) =

62\/5”—1 &
\ /% tanh (\/CCA t) is equivalent to the standard solution N = \/\/%Eeﬁmﬂ) because tanh(z) = Z;;i The

solution process is thorough and includes necessary steps, demonstrating a correct reasoning approach. The
Python implementation is also correctly provided.
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2.2.6 Model: chatgpt-4o-latest
Attempt 1 (2025-02-12T21:44:57.316621+00:00)

Detailed Solution: We start with the given differential equation:

N =C-CaN?
with the initial condition:
N(0) =0.
Step 1: Separation of Variables Rewriting the equation:
dN 2
— =C-CaN".
dt A
Rearrange to separate variables:
dN
—— =dt.
C -CaN?

Step 2: Integration We use the standard integral:
dx 1 -1 \/3
= —— tanh -z |.
f a—-bx? /ab an ( am)

Setting a = C' and b = C4, we integrate:
dN
—— = | dt.
[ C-CaN? f

1 dN
5‘/71_%N2:‘/‘dt

Using the standard result:

(&) .
Let k =+/-Z, then:

1 1 1 Ca
11 Canlotson
C \JCa/C ( @ ) !

Simplifying:

VCCa
Step 3: Solving for N(t) Using the initial condition N(0) =0, we find C; =0, so:

1 -1 CA
——tanh  |\/—N|=t
CCA - ( C )

tanh ™ ( ch‘N) =V CCat.

1 -1 CA
tanh —N|=t+Ch.
an. ( C ) + C1

Multiplying by /CCa:

Taking the hyperbolic tangent:

%N = tanh(v/CCat).

Solving for N:

N(t) = /C% tanh(v/CTaL).
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Final Answer:

N(t)=y/ C% tanh(v/CCat).

Step 4: Python Implementation Now, we implement this function in Python:

import math

def answer (C: float, C_A: float, t: float) -> float:
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C * C_A) * t)

This function takes C, Ca, and t as inputs and returns N(t) based on our derived formula.
Verification Results:

Auto verification result (['2025-02-18T05:49:51.947546+4-00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T22:00:04.2470324-00:00’]) Grade: A

Notes: The submitted solution correctly applies separation of variables and uses the standard integral for the
form [ a_d#. The integration process is accurate, and the solution for N(¢) is equivalent to the standard
solution, as tanh(z) and the exponential form are related through hyperbolic identities. The initial condition
is correctly applied to find the integration constant. The Python implementation is a correct translation of the
mathematical solution. Overall, the solution is physically equivalent to the standard answer and demonstrates

a correct reasoning approach.

Attempt 2 (2025-02-12T21:45:05.531838+00:00)

Detailed Solution: We start with the differential equation governing the number of dark matter particles
in the astrophysical body:

N =C-CaN?
with the initial condition:
N(0) =0.
Step 1: Separation of Variables Rewriting the equation:
dN 2
— =C-CaN".
dt 4
Rearrange to separate variables:
dN
——— =dt.
C -CaN?
Step 2: Integration We use the standard integral:
f dN
C-CaN?’

This is a standard integral of the form:

/ de 1 tanh™" \/Ea:
a-bx?2  \/gb a” |’

Setting a = C' and b= Cjy4, we get:

f Y = L tanh™*
C-CaN?2 /CCa C

Thus, integrating both sides:
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VCCa

Step 3: Applying Initial Condition Using N(0) = 0, we get:

! tanh_l( C;‘:‘N):t+6’1.

1 -1
tanh™ " (0) =0+ C.
o (0) 1

Since tanh™(0) = 0, we find C; = 0, so:

1 =i Cﬁ
tanh —N|=t.
VCCa ( C )
Step 4: Solving for N(t) Taking the hyperbolic tangent on both sides:
Ca
tanh (V/CCat) = o

Solving for N:

N(t) =4/ (,% tanh (V/CCat).

Final Answer:
N(t) =4/ Cg tanh (v/CCat).
A

Step 5: Python Implementation Now, we implement this function in Python:

import math

def answer(C: float, C_A: float, t: float) -> float:
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C * C_A) * t)

This function computes N(t) given the parameters C, Cy4, and ¢.
Verification Results:

Auto verification result ([2025-02-18T05:49:51.947948+-00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o ([’2025-02-12T22:00:10.050492+-00:00’]) Grade: A

Notes: The submitted solution correctly solves the differential equation using separation of variables and
integration. The use of the hyperbolic tangent function is mathematically equivalent to the exponential form
in the standard solution, as tanh(z) = Zzzi The solution process includes all necessary steps, applies the
initial condition correctly, and arrives at a physically equivalent final answer. The Python implementation is

a valid addition, demonstrating practical application of the solution.

Attempt 3 (2025-02-12T21:45:14.348853+00:00)

Detailed Solution: We start with the given differential equation:

N =C-CaN?
with the initial condition:
N(0) =0.
Step 1: Separation of Variables Rewriting the equation:
dN 2
— =C-CaN".
dt 4

o1



Rearrange to separate variables:

dN
C - CaN?
Step 2: Integrating Both Sides We use the standard integral:

f dN
C - C4sN?’
This is a standard integral of the form:

f L —1 tanh™" \/Za:
a-bx2  \/ab a |
Setting a = C' and b= Cy4, we get:
dN 1 -1 Ca
= tanh —N|.
f C-CaNz_ JOC, ( © )
/hdt=t+(h.

1 -1 CA
tanh —N|=t+Ci.
Step 3: Applying Initial Condition Using N (0) = 0:

=dt.

Integrating the right-hand side:

Thus, we obtain:

tanh ™ (0) = 0+ C}.

1
VCCy

Since tanh™'(0) = 0, it follows that C; = 0, so:

1 =il CA
———=tanh™ [/ —=N]|=t
CCA - ( C )

Step 4: Solving for N(t) Multiplying both sides by /CCa:

tanh* ( %*N) =/CCAt.

Taking the hyperbolic tangent on both sides:

%N = tanh (VCCat).

Solving for NV:

N(t) =1/ C%tanh(\/CC’At).

Final Answer:

N(t) =4/ c% tanh (v/CCat).

Python Implementation

import math

def answer (C: float, C_A: float, t: float) -> float:
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C * C_A) * t)

This function correctly implements the derived formula for N (t).
Verification Results:
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Auto verification result ([2025-02-18T05:49:51.948359+-00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o ([’2025-02-12T22:00:16.257146+00:00’]) Grade: A
Notes: The submitted solution correctly solves the differential equation using separation of variables and
integration. The use of the hyperbolic tangent function is mathematically equivalent to the standard solution’s
expression involving exponential functions. Both solutions describe the same physical behavior of the system.
The initial condition is applied correctly, and the final expression for N(t) is equivalent to the standard
solution. The Python implementation accurately reflects the derived formula.

Attempt 4 (2025-02-12T21:45:22.252750+00:00)

Detailed Solution: We start with the given differential equation:

N =C-CaN?
with the initial condition:
N(0) =0.
Step 1: Separation of Variables Rewriting the equation:
dN 2
— =C-CaN".
dt 4
Rearrange to separate variables:
dN
——— =dt.
C - CaN?
Step 2: Integrating Both Sides We use the standard integral:
f dN
C-CaN2’

This is a standard integral of the form:

f de 1 tanh™" \/Ea:
a-bx2 \/ab a |’

Setting a = C' and b = C4, we obtain:

dN 1 -1 Ca
- tanh “an|.
/cchN‘Z co, o ( C )

Integrating the right-hand side:

Thus, we obtain:

1 tanhl( OAN)—t+Cl.

Step 3: Applying Initial Condition Setting N(0) = 0, we find:

tanh™'(0) = C; = C; = 0.

1
VCCy

Thus, we get:
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1 =i Cﬁ
—— tanh —N|=t.
CCA B ( O )

Step 4: Solving for N(t) Taking the hyperbolic tangent on both sides:

tanh (V/CCat) = %N.
Solving for N:

[C
N =/ tanh (VCCat).

N(t) = c% tanh (v/CCat).

Final Answer:

Python Implementation

import math

def answer (C: float, C_A: float, t: float) -> float:
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C * C_A) * t)

This function correctly implements the derived formula for N (t).
Verification Results:

Auto verification result ([2025-02-18T05:49:51.948757+00:00’]) Status: Correct
Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T722:00:23.281187+00:00’]) Grade: A
Notes: The submitted solution correctly solves the differential equation using separation of variables and
integration. The solution method is valid and leads to a physically equivalent result to the standard solution.

The final answer, N (¢) = /% tanh (\/CC’At), is mathematically equivalent to the standard solution’s ex-

pression for N (), as both describe the same physical behavior of the system. The use of hyperbolic tangent
in the submitted solution is an alternative but valid approach to express the solution.

Attempt 5 (2025-02-12T21:45:30.324991+00:00)

Detailed Solution: We begin with the given differential equation:
N =C-CaN?
Step 1: Separation of Variables Rearrange the equation to separate N and ¢:

dN

——— =dt.
C-CyN?

This is a separable differential equation.
Step 2: Integrating Both Sides We use the standard integral:

f dN
C—C4N?’

/ dv__ Ltanh_1 ém
a-bx2  /ab a |’

This integral is of the form:

Setting a = C' and b = C4, we obtain:
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dN 1 -1 C%
= tanh —N|.
f C-CaN? oo, " ( C )
Integrating the right-hand side:

t+(h.

Thus, we obtain:

tanhl( Cg\N) =t+C.

1
VCCa

Step 3: Solving for N(t) Solving for N, we take the hyperbolic tangent:

tanh (VCCa(t+Ch)) =1/ %N.

Thus,

N =4/ C%tanh(\/CCA(t+C’1)).

Step 4: Applying Initial Condition Given N(0) = 0, we substitute ¢ = 0:

0=1/ Cgtanh(clx/CCA).
A

Since tanh(0) = 0, we conclude C; = 0.
Thus, the final solution is:

N(t) =1/ CEA tanh (v/CCat).

Final Answer:

N(t) =1/ C% tanh (v/CCat).

Python Implementation

import math

def answer(C: float, C_A: float, t: float) -> float:
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C * C_A) * t)

This function computes N (t) given C, Ca, and ¢.
Verification Results:

Auto verification result ([’2025-02-18T05:49:51.9491634-00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 ([’2025-02-12T22:00:29.395176+00:00’]) Grade: A

Notes: The submitted solution correctly solves the differential equation using separation of variables and
integration. The use of the hyperbolic tangent function is mathematically equivalent to the standard solution’s
logarithmic form, as both represent valid solutions to the differential equation. The initial condition is applied
correctly, leading to the correct final expression for N(¢). The Python implementation also correctly computes
the solution. Overall, the solution demonstrates a clear understanding of the problem and provides a valid
alternative method to reach the same physical result.
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2.2.7 Model: meta-llama/Meta-Llama-3.1-70B-Instruct
Attempt 1 (2025-02-11T21:52:10.350929+00:00)

Detailed Solution: To solve the given differential equation, we first recognize it as a Riccati equation,
which can be solved using various methods. However, given the specific form of this equation and the initial
condition, we can attempt a solution by separation of variables or by recognizing it as a Bernoulli differential
equation.
The given differential equation is:

N =C-CuN?
We can rearrange this equation to make it more amenable to solution by separation of variables:

dN 2

. C—-CaN
To solve this, let’s use the method of separation of variables. However, directly integrating this form may
be challenging due to its non-linear nature. Instead, we notice that this equation resembles a Bernoulli
differential equation, which can be reduced to a linear equation by a suitable substitution.
However, given the quadratic form of the equation and the initial condition N(0) = 0, we can proceed with a
direct approach suitable for this specific case. We rearrange the equation to separate variables:

dN

B
C - CaN?

To integrate the left side, we use partial fractions or recognize the integral form directly:

fﬁj\;m:fdt

This integral can be solved by recognizing it as a standard form, which results in:

tanhl( %“N) =t+ K

1
VCCa
where K is the constant of integration. Given N(0) =0, we find K = 0.
Thus, solving for N (), we get:

N(t) =y /C%tanh(\/C_CAt)

This is the solution to the differential equation given the initial condition.
Now, converting this solution into Python code as required:

import numpy as np

def answer (C: float, C_A: float, t: float) -> float:

i
This function calculates the number of dark matter particles N(t) at time t,

given the capture rate C and the dark matter annihilation rate per effective
volume C_A.

Parameters:

C (float): The capture rate of dark matter.

C_A (float): The dark matter annihilation rate per effective volume.
t (float): The time at which to calculate N(t).

Returns:
float: The number of dark matter particles N(t) at time t.

nnn

return np.sqrt(C / C_A) * np.tanh(np.sqrt(C * C_A) * t)

This Python function implements the solution derived from the differential equation, allowing for the calcu-
lation of N (t) given C, Ca, and ¢.
Verification Results:
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Auto verification result ([2025-02-18T05:49:51.945270+00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 ([’2025-02-12T03:11:01.844928+-00:00’]) Grade: A
Notes: The submitted solution correctly identifies the differential equation as a Riccati equation and pro-
ceeds with separation of variables. The integration is performed correctly, leading to the solution N(¢) =

. L . . . 2VCt_
\/ % tanh(1/CCat). This solution is mathematically equivalent to the standard solution N = \/‘/% ﬁ,
e2*-1

as tanh(z) = %z—;. The approach and reasoning are correct, and the Python implementation accurately
reflects the derived solution.

Attempt 2 (2025-02-11T21:53:15.547333+00:00)

Detailed Solution: To solve the given differential equation, we first write it in the standard form:

N =C-CaN>.
This is a first-order nonlinear differential equation. To solve it, we can use the method of separation of
variables.
First, we separate the variables:

dN 2

— =C-CaN".

dt 4

We move all terms involving N to the left-hand side and all terms involving ¢ to the right-hand side:

dN
C - CuN?

f%:fdt

To evaluate the integral on the left-hand side, we can use the following substitution:
Ca
=1/ —N.
““Ve

Ca
du = ——dN.
u C

= dt.

Now, we integrate both sides:

Then,

Substituting this into the integral, we get:

/‘ dN 1 du
C-CaN2 ~ JOCaJ 1-u?
The integral on the right-hand side can be evaluated using the following formula:

du _1 n|
1-u2 2

1+u‘
1-ul’

Substituting back u = v/ %‘N, we get:

/ AN 1 ! 1+ %“N
= n o
C-CaN? 2/CCx |1_ %N

Evaluating the integral on the right-hand side, we get:
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1 1+ CFAN

In =t+ K,
2V/CCa |1, /CTA N
where K is the constant of integration.
To find the value of K, we use the initial condition N(0) = 0:
Ca
1 1+ ol 0
In =0+ K.
2/CCa 1-+/%4 .0
C
Simplifying, we get:
K =0.
Therefore, the solution to the differential equation is:
1 ! 1+ %“N
n tho
2/ CC 4 1— %%pv
To find N(t), we can solve this equation for NV:
1+1/S4aN
In|[—Y2 | =2/CCat.
1-y/%4N

Taking the exponential of both sides, we get:

@
L+ &N _ (2V/CCat
@
1-\/#&N
Since N(t) > 0, we can remove the absolute value sign:
€
L+ &N _ (2V/CCat
— .
1-\/ &N
Solving for N, we get:
1 2V/CCat _q
N(t) = —=="

/a4 e2VCCat 1
(e}

Simplifying, we get:

N(t) =1/ CQA tanh (v/CCat).

Final Answer:

import math

def answer (C: float, C_A: float, t: float) -> float:
nnn
Calculate the number of dark matter particles in an astrophysical body as a
function of time.

Args:

C (float): The capture rate of dark matter in the astrophysical body.

C_A (float): The dark matter annihilation rate per effective volume.

t (float): The time at which to calculate the number of dark matter particles.

Returns:
float: The number of dark matter particles in the astrophysical body at time t.

nwnn
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if C_A ==
return C * t
else:
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C * C_A) * t)

Verification Results:

Auto verification result (['2025-02-18T05:49:51.945798+-00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 ([’2025-02-12T03:11:07.590759+00:00’]) Grade: A
Notes: The submitted solution correctly applies the method of separation of variables to solve the differential
equation. The integration process is accurately carried out, and the substitution used is appropriate. The final

expression for N(t) is equivalent to the standard solution, as N(t) = 4 /% tanh(/CCat) is mathematically

equivalent to the standard solution’s form. The solution process includes all necessary steps and reasoning,
and the final answer is correctly implemented in the Python function.

Attempt 3 (2025-02-11T21:53:53.518318+00:00)

Detailed Solution: To solve the given differential equation, we start by separating the variables.

N =C-CuN?
We rewrite the equation as:

dN 2

— =C-CyN

dt 4
Separating the variables, we get:

dN
—— =t
C-CaN?

Now, we integrate both sides:

f%:f‘”

To solve the integral on the left-hand side, we use the following substitution:

Ca
-\/ AN
v c
Ca
=/ 224N
du Cd

C
dN =\ [ —=—d
Cca™”
Substituting these expressions into the integral, we get:
<
2 f dt
1-u?

tanh ™' (u) =t + K

1
VCaC
where K is the constant of integration.

Now, we substitute back u = %N:
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1 =i C%
——tanh —N|=t+K
LI ( C) :

Using the initial condition N(0) = 0, we find that K = 0.

tanh ™! ( CAN) =t

1
VCal C

Now, we solve for N:

tanh ! ( %QN) =V CACt

%N = tanh (\/CACt)

C
N = C—Atanh(\/C’ACt)

Final Answer:

import math

def answer(C: float, C_A: float, t: float) -> float:
nnn
This function calculates the number of dark matter particles in an astrophysical
body
as a function of time, given the capture rate C and the dark matter annihilation
rate
per effective volume C_A.

Parameters:

C (float): The capture rate of dark matter in an astrophysical body.
C_A (float): The dark matter annihilation rate per effective volume.
t (float): Time.

Returns:
float: The number of dark matter particles in the astrophysical body at time t.

nwnn

if C_A ==
return C * t
else:
return math.sqrt(C / C_A) * math.tanh(math.sqrt(C_A * C) * t)

Verification Results:

Auto verification result (['2025-02-18T05:49:51.946245+00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:11:15.288428+-00:00’]) Grade: A
Notes: The submitted solution correctly solves the differential equation by separating variables and inte-
grating both sides. The substitution u = \/ %N is used to simplify the integral, leading to the expression

1

NI tanh™ ( %N) =t + K. The initial condition N(0) =0 is applied to find K = 0. Solving for N, the

solution N = , /% tanh (\/C’ACt) is obtained, which is mathematically equivalent to the standard solution.

The Python function correctly implements this solution, accounting for the special case when C4 = 0. The
approach and final answer are both correct and equivalent to the standard solution.

Attempt 4 (2025-02-11T21:54:34.179900+00:00)
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Detailed Solution: To solve the given differential equation, we first write it in a standard form:

N=C-CusN?

This is a first-order nonlinear differential equation. To solve it, we can use the method of separation of
variables.
First, we separate the variables:

dN )

Y _c-couN

dt A
dN

- S

C—CaN?

Now, we integrate both sides:

f%ﬁwz:fﬁ

To integrate the left-hand side, we can use the following substitution:

u=C—-CaN?

du = —QCANdN

However, this substitution does not directly apply. Instead, we can use the following approach:

dN 1 dN
[C—CAN27 CCAf\/CC;J\W

Now, we can write:

\/C}_@arcsin(\/%ﬁ]\])=t+l{

where K is the constant of integration.
To find K, we use the initial condition N(0) = 0:

1 . Ca
arcsin[\/—-0]=0+ K
VCOCa ( C )

Now, we can write:

! arcsin \/gN =i
VCCy C

To find N(t), we can rearrange the equation:
. Ca
arcsin FN =V CCat
&N = sin (\/CCAt)
C
c .
N(t) = C—sm(\/CCAt)
A

Final Answer:
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import math

def answer (C: float, C_A: float, t: float) -> float:

nnn

Calculate the number of dark matter particles in an astrophysical body as a
function of time.

Args:

C (float): The capture rate of dark matter.

C_A (float): The dark matter annihilation rate per effective volume.
t (float): Time.

Returns:
float: The number of dark matter particles.

nwnn

# Calculate the number of dark matter particles
N = math.sqrt(C / C_A) * math.sin(math.sqrt(C * C_A) * t)
return N

Verification Results:

Auto verification result ([2025-02-18T05:49:51.946676+00:00’]) Status: Incorrect

Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:11:21.168398+-00:00’]) Grade: C

Notes: The submitted solution attempts to solve the differential equation using separation of variables and
integration, but it incorrectly applies the integration technique. The standard solution correctly uses partial
fraction decomposition to integrate the expression, leading to a logarithmic solution. The submitted solution
incorrectly uses an arcsine function, which is not equivalent to the standard solution’s logarithmic form. The
final expression for N(¢) in the submitted solution is not equivalent to the standard solution’s expression.
The approach shows some understanding of separation of variables but fails in the integration step and final
expression derivation.

Attempt 5 (2025-02-11T21:55:25.406207+00:00)

Detailed Solution: To solve the given differential equation, we start by separating the variables:

N =C-CuN?
We rewrite the equation as:

dN 2

— =C-CyN

dt 4
Separating the variables, we get:

dN
—— =dt
C-CaN?

Now, we integrate both sides:
dN
[ e===- [
C-CaN?
To solve the integral on the left-hand side, we use partial fractions. Let’s assume:

1 A B
= +
C-CaN?* \/C|Ca-N /C[Cs+N

Solving for A and B, we get:
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1

) 2\/C[Ca

1

" 2/CJCa

Now, we can rewrite the integral as:
/ 4 ,__B an = [
C/Ca-N C/Ca+ N

~Aln|\/C[Cyx - N|+ Bn|\/C[Ca + N| =t + K

where K is the constant of integration.
Using the initial condition N(0) = 0, we get:

—Aln‘\/C/CA‘ + Bln‘\/C/CA‘ -

Solving the integral, we get:

Simplifying, we get:

Now, we can rewrite the equation as:

~Aln|\/C[Cy - N|+ Bin|\/C[Cx + N| =t

Substituting the values of A and B, we get:

C’/C ————In|\/CJCa - N| ln‘\/C’/CA+N|—t

Simplifying, we get:

0 VC/[Ca+ N _g
VCJ[CA-N|

Taking the exponential of both sides, we get:

VC[Ca+ N _ 2V/CTCat
C/Ca -

C/Cﬁt

Solving for N, we get:
C er/c/CAt -1

C_ACQ C/CAt+1

This is the final symbolic mathematical expression.
Now, let’s convert this expression into Python code:

N =

import math

def answer (C: float, C_A: float, t: float) -> float:

nwnn

Calculate the number of dark matter particles in an astrophysical body as a
function of time.

Args:

C (float): The capture rate of dark matter.

C_A (float): The dark matter annihilation rate per effective volume.
t (float): Time.

Returns:

float: The number of dark matter particles.
nnn
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# Calculate the square root of C/C_A
sqrt_C_div_C_A = math.sqrt(C / C_A)

# Calculate the exponential term
exp_term = math.exp(2 * sqrt_C_div_C_A * t)

# Calculate the number of dark matter particles
N = sqrt_C_div_C_A * (exp_term - 1) / (exp_term + 1)

return N

This code implements the function answer that takes the capture rate C, the annihilation rate
Ca, andtimetasinputandreturnsthenumbero fdarkmatterparticlesN.
Verification Results:

Auto verification result ([2025-02-18T05:49:51.947142+4-00:00’]) Status: Incorrect

Evaluations:

Evaluated by gpt-4o0 ([’2025-02-12T03:11:27.267451+00:00’]) Grade: A

Notes: The submitted solution correctly follows the process of separating variables and integrating both
sides of the differential equation. The use of partial fraction decomposition is consistent with the standard
solution, and the integration steps are correctly executed. The final expression for N matches the standard
solution, showing that the solution is physically equivalent. The Python code provided correctly implements
the derived formula. Overall, the solution demonstrates a clear understanding of the mathematical concepts
involved.
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2.2.8 Model: Qwen/Qwen2.5-7B-Instruct
Attempt 1 (2025-02-11T08:18:43.532156+00:00)

Detailed Solution: To solve the given problem, we need to find the function N(t) that satisfies the differ-
ential equation: '
N =C-CaN?
with the initial condition N(0) = 0.
Step 1: Understand the Problem The given differential equation is:

— =C-CuN?
dt 4

This is a separable differential equation. We can separate the variables N and t as follows:

dN

ccane &

Step 2: Integrate Both Sides To integrate the left-hand side, we use partial fraction decomposition. The
integrand can be written as:

1 1 1 1

Let k = %. Then the integral becomes:
f dN _1 f dN
C(1-k2N2) CJ 1-k2N2

/ dN _iln|1+kN C
1-k2N2 2k |1-kN|™ 1

The integral of ﬁ is:

Thus, we have:

RN ] T
C 2 |1-kN| T2
Multiplying both sides by 2kC:
1+kN
=2
nl—kN| kCt+ Cs

Exponentiating both sides:

1+kN 2kCt+C3 2kC't
= =A
1-kN ’ ¢
where A = €3,

Step 3: Apply Initial Condition Using the initial condition N (0) = 0:

1 .
il O‘ A — A=1
1-k-0

Thus, we have:
1+kN _ erCt
1-kN|

Since N is positive for ¢ > 0, we can drop the absolute value:
1+kN _ egkc't
1-kN

Solving for N:
1+kN =" (1-kN)

14 kN = 2kCt _ N o201
EN + kNe?kCt = 2Rt _q
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kN(l 4 erCt) _ erCt -1

e2kCt _

N=— -
k(e2FCt 1 1)

Substituting back k =/ %“:

Ca
2\/T0t71

e
\/%(eQ\/gCt +1)

N(t) =

Step 4: Implement the Solution in Python

import math

def answer(C: float, C_A: float, t: float) -> float:
k = math.sqrt(C_A / C)
N = (math.exp(2 * k * C * t) - 1) / (k * (math.exp(2 * k * C * t) + 1))
return N

This function answer(C, C4,t)computesthenumberofdarkmatterparticlesN (t) at time ¢ given the capture
rate C' and the annihilation rate Ca.
Verification Results:

Auto verification result (['2025-02-18T05:49:51.9352124-00:00’]) Status: Correct

Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:08:08.874491+-00:00’]) Grade: A

Notes: The submitted solution correctly follows the standard solution’s approach by separating variables and
integrating both sides of the differential equation. The use of partial fraction decomposition and integration
is accurate. The solution correctly applies the initial condition to determine the constant of integration. The
final expression for N (¢) is mathematically equivalent to the standard solution’s result, as both expressions
represent the same physical behavior of the system. The Python implementation is a correct translation of
the mathematical solution into code. Overall, the solution demonstrates a clear understanding of the problem
and provides a valid and equivalent result.

Attempt 2 (2025-02-11T08:19:05.519758+00:00)

Detailed Solution: To solve the given problem, we need to find the function N(t) that satisfies the differ-
ential equation

N =C-CaN?
with the initial condition N(0) = 0.
Step 1: Understanding the Problem The given differential equation is a first-order nonlinear ordinary differ-
ential equation (ODE). We need to solve it to find N(t).
Step 2: Devise a Plan To solve the ODE, we can use separation of variables. The equation can be rewritten
as

dN 2

— =C-CuN".

dt 4
Separating the variables, we get

B

C-CaN2

Step 3: Carry Out the Plan We integrate both sides of the equation. The left-hand side requires partial
fraction decomposition. Let’s rewrite the integral:

/‘ dN —fdt
C-CaN2 ™ '
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To integrate the left-hand side, we use the substitution N = | /%tan(@). Then dN =

Substituting this into the integral, we get

f \/—sec (0)do =/dt.
C-Ca \/_tan(G)

/ \/—sec (6)do f o

C-Ctan?(0)

/ \/—sec (0)do f W

C(1-tan%(0))

f \/—sec (6)do _ f 0

CCOSZ(O)
/=

0
=/dt.

fde fdt
CH?A

0—t+(h

Simplifying the denominator,

\/C’CA
Since N = /-5 tan(6), we have 6 = tan™! NvOa ), Substituting back, we get
Ca VC

! tanfl(N CA) t+C
v = he
VCCa VC

Using the initial condition N(0) =0, we find C; = 0. Thus,

(V1) - v

Taking the tangent of both sides,

N\\//_CC? = tan(v/CCat).

N =4/ £tan(\/CCAz‘/).
Ca
|/ C
N(t) = 0714 tan(\/ CCAt)

Solving for N,

Final Answer:

Python Code:

import math

def answer(C: float, C_A: float, t: float) -> float:
return math.sqrt(C / C_A) * math.tan(math.sqrt(C * C_A) * t)

This function implements the solution N(t) =/ % tan(y/CCat).
Verification Results:

Auto verification result ([2025-02-18T05:49:51.935621+-00:00’]) Status: Incorrect

Evaluations:
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Evaluated by gpt-40 (['2025-02-12T03:08:20.611180+00:00’]) Grade: C
Notes: The submitted solution shows an understanding of solving a first-order nonlinear ODE using separation

of variables and substitution. However, the final answer N (¢) = /% tan(y/CC4t) is incorrect compared to

. /T (2VCt1) . . . e . .
the standard solution N = T (@ The approach using trigonometric substitution is valid, but it
leads to a different form that does not match the expected solution. The error lies in the integration and
substitution steps, which result in a tangent function rather than the hyperbolic tangent form that matches

the standard solution. The submitted solution does not reach the correct steady state behavior as t - oo.

Attempt 3 (2025-02-11T08:19:28.132683+00:00)

Detailed Solution: To solve the given problem, we need to find the function N(t) that satisfies the differ-
ential equation

N =C-CaN?
with the initial condition N(0) = 0.
Step 1: Understanding the Problem The given differential equation is a first-order nonlinear ordinary differ-
ential equation (ODE). The unknown function is N(¢), and the constants are C' and Ca.
Step 2: Devise a Plan To solve this ODE, we can use separation of variables. We rewrite the equation as

dN 2

— =C-CysN".

dt 4
Separating the variables, we get

e

C-CusN2

Step 3: Carry Out the Plan We integrate both sides of the equation. The left-hand side requires partial
fraction decomposition. We rewrite the integrand as

1 1 1 1

C-CaN? C(1-4N?) C 1—(704*N)T
@
Let k = CC—A. Then the integral becomes
dN
f 1-k2N2 ‘/dt'

dx —ln
1-22 2

Using the standard integral
l+x

|+C’,

=g
we get

1 1+kN

— In

2k 1-kN
Applying the initial condition N(0) =0, we find C' = 0. Thus,

=t+C.

1
1
2%

1+kN‘_
1-kN|

Exponentiating both sides, we obtain

2kt
1-kN '
Since N is positive and small initially, we can drop the absolute value:

‘1+kN

1+kN_€2kt
1-kN

Solving for N, we get
1+ kN =e*(1-kN).
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Rearranging terms, we have
1+ kN =e*F — pNe™,

kN + kNe2Ft = 2kt — 1,
N(k+ ke ) = e -1,

o2kt _

N=-% — -~
k(1 + e2kt)
Substituting back k =/ %‘, we get

2,/ Cay
e -1
N(t) = .
C
\/%‘(1+62VTAt)
Final Answer:
e? CTAt—l
N(t) =

—
\/%‘(1+62V %t)
Python Code Implementation:

import math

def answer (C: float, C_A: float, t: float) -> float:
k = math.sqrt(C_A / C)
N = (math.exp(2 * k * t) - 1) / (k * (1 + math.exp(2 * k * t)))
return N

This code defines the function answer that computes N(t) given the constants C' and C4 and the time ¢.
Verification Results:

Auto verification result ([’2025-02-18T05:49:51.936056+00:00’]) Status: Incorrect

Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:08:25.775208+-00:00’]) Grade: A

Notes: The submitted solution correctly applies separation of variables and partial fraction decomposition
to solve the differential equation. The integration process is accurate, and the final expression for N(t) is
mathematically equivalent to the standard solution. The solution process includes all necessary steps and
reasoning, and the Python code implementation correctly reflects the derived formula. The approach and
final answer are consistent with the standard solution, demonstrating a clear understanding of the problem.

Attempt 4 (2025-02-11T08:22:42.258405+00:00)

Attempt 5 (2025-02-11T08:25:56.410649+00:00)

Detailed Solution: To solve the given problem, we need to solve the differential equation:

N =C~CaN?
with the initial condition N(0) = 0.
Step 1: Understand the Problem The differential equation is a first-order nonlinear ordinary differential
equation (ODE). The unknown is N(t), and the given data are the constants C' and C4.
Step 2: Devise a Plan To solve this ODE, we can use separation of variables. We rewrite the equation as:
dN 2
— =C-CaN
dt 4
Separating the variables, we get:

69



dN
C - CaN?
Step 3: Carry Out the Plan We integrate both sides of the equation. The left side requires a partial fraction

decomposition. Let’s integrate:
dN
I = A
C -CaN?

=dt

We can rewrite the denominator as:

C-CaN?*=C(1- %NQ) =C(1-kN?)

where k = %‘. Thus, the integral becomes:

f%:fdt

This can be solved using the standard integral:

dN 1 |1+VEN
1-kN? 2k [1-VEN
So, we have:
1 ‘1 +VEN
—In|—=—"|=t+C
2vVk |1-VEN
Using the initial condition N(0) =0, we find C; = 0. Thus:
Lo \/EN‘ ~
2vVE |1-VEN

Exponentiating both sides, we get:

1+\/EN‘_ 2kt
1-VEkN

Since N(0) =0, we can drop the absolute value:

1+vVEN  oume

STV e

1-VkN
Solving for N:

1+ VEN = 2% (1 - VE&N)
1+VEN = 62\/Et - \/ENeQ‘/Et
1+VEN + \/ENeQ\/Et = 62\/Et

VEN(1 +62\/Et) =e2VF g

N e2VEkt 4
VE(1 + e2VFt)
Substituting back k = %:

(o]
2\/ =4+t
e c -1

\/C—TA(1+62\/gt)

N(t) =

Simplifying:
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CAt 1
2 cC " —
€

/ / 2\/CTM
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2 C
e 1+e
" VeV
CTAt,l
e
CAe
. C
N(t) =
CTAt_l
2
e CiAt)
2 C
o V Ca(l+e
Ca V
CAt_l
Ve —
2
/ /CAe
N(t) = %‘Jr o
eQVCCAt_lCAt)
2AVaron
N(t):\/cA(1+e
Ca V
CAt_l
2V & —
</ </ 2\ &
CAe
t) = o
N(t) =
CTA‘_l
2
e cfAt)
2 C
N(t)Z\/CA(1+e \4
el
CTAt_l
/ - / 2\/%t
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2V C
N(t) = =T
V
CAt71
VT —
/ / 2/
CAe
. el
N(t) o,
CAt—l
2V <&
e CiAt)
2\ &
o CA(1+e
‘/7 V
cAt 1
2V & —
</ </ 2\ &
Ca,
v C
v
CAt 1
2V &
e
N(t) =

2\/?7:)
\/C—%(l +e
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CAt 1
2 cC " —
€

/ / 2\/CTM
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2 C
e 1+e
" VeV
CTAt,l
e
CAe
. C
N(t) =
CTAt_l
2
e CiAt)
2 C
o V Ca(l+e
Ca V
CAt_l
Ve —
2
/ /CAe
N(t) = %‘Jr o
eQVCCAt_lCAt)
2AVaron
N(t):\/cA(1+e
Ca V
CAt_l
2V & —
</ </ 2\ &
CAe
t) = o
N(t) =
CTA‘_l
2
e cfAt)
2 C
N(t)Z\/CA(1+e \4
el
CTAt_l
/ - / 2\/%t
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2V C
N(t) = =T
V
CAt71
VT —
/ / 2/
CAe
. el
N(t) o,
CAt—l
2V <&
e CiAt)
2\ &
o CA(1+e
‘/7 V
cAt 1
2V & —
</ </ 2\ &
Ca,
v C
v
CAt 1
2V &
e
N(t) =

2\/?7:)
\/C—%(l +e
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CAt 1
2 cC " —
€

/ / 2\/CTM
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2 C
e 1+e
" VeV
CTAt,l
e
CAe
. C
N(t) =
CTAt_l
2
e CiAt)
2 C
o V Ca(l+e
Ca V
CAt_l
Ve —
2
/ /CAe
N(t) = %‘Jr o
eQVCCAt_lCAt)
2AVaron
N(t):\/cA(1+e
Ca V
CAt_l
2V & —
</ </ 2\ &
CAe
t) = o
N(t) =
CTA‘_l
2
e cfAt)
2 C
N(t)Z\/CA(1+e \4
el
CTAt_l
/ - / 2\/%t
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2V C
N(t) = =T
V
CAt71
VT —
/ / 2/
CAe
. el
N(t) o,
CAt—l
2V <&
e CiAt)
2\ &
o CA(1+e
‘/7 V
cAt 1
2V & —
</ </ 2\ &
Ca,
v C
v
CAt 1
2V &
e
N(t) =

2\/?7:)
\/C—%(l +e
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CAt 1
2 cC " —
€

/ / 2\/CTM
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2 C
e 1+e
" VeV
CTAt,l
e
CAe
. C
N(t) =
CTAt_l
2
e CiAt)
2 C
o V Ca(l+e
Ca V
CAt_l
Ve —
2
/ /CAe
N(t) = %‘Jr o
eQVCCAt_lCAt)
2AVaron
N(t):\/cA(1+e
Ca V
CAt_l
2V & —
</ </ 2\ &
CAe
t) = o
N(t) =
CTA‘_l
2
e cfAt)
2 C
N(t)Z\/CA(1+e \4
el
CTAt_l
/ - / 2\/%t
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2V C
N(t) = =T
V
CAt71
VT —
/ / 2/
CAe
. el
N(t) o,
CAt—l
2V <&
e CiAt)
2\ &
o CA(1+e
‘/7 V
cAt 1
2V & —
</ </ 2\ &
Ca,
v C
v
CAt 1
2V &
e
N(t) =

2\/?7:)
\/C—%(l +e
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CAt 1
2 cC " —
€

/ / 2\/CTM
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2 C
e 1+e
" VeV
CTAt,l
e
CAe
. C
N(t) =
CTAt_l
2
e CiAt)
2 C
o V Ca(l+e
Ca V
CAt_l
Ve —
2
/ /CAe
N(t) = %‘Jr o
eQVCCAt_lCAt)
2AVaron
N(t):\/cA(1+e
Ca V
CAt_l
2V & —
</ </ 2\ &
CAe
t) = o
N(t) =
CTA‘_l
2
e cfAt)
2 C
N(t)Z\/CA(1+e \4
el
CTAt_l
/ - / 2\/%t
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2V C
N(t) = =T
V
CAt71
VT —
/ / 2/
CAe
. el
N(t) o,
CAt—l
2V <&
e CiAt)
2\ &
o CA(1+e
‘/7 V
cAt 1
2V & —
</ </ 2\ &
Ca,
v C
v
CAt 1
2V &
e
N(t) =

2\/?7:)
\/C—%(l +e
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CAt 1
2 cC " —
€

/ / 2\/CTM
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2 C
e 1+e
" VeV
CTAt,l
e
CAe
. C
N(t) =
CTAt_l
2
e CiAt)
2 C
o V Ca(l+e
Ca V
CAt_l
Ve —
2
/ /CAe
N(t) = %‘Jr o
eQVCCAt_lCAt)
2AVaron
N(t):\/cA(1+e
Ca V
CAt_l
2V & —
</ </ 2\ &
CAe
t) = o
N(t) =
CTA‘_l
2
e cfAt)
2 C
N(t)Z\/CA(1+e \4
el
CTAt_l
/ - / 2\/%t
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2V C
N(t) = =T
V
CAt71
VT —
/ / 2/
CAe
. el
N(t) o,
CAt—l
2V <&
e CiAt)
2\ &
o CA(1+e
‘/7 V
cAt 1
2V & —
</ </ 2\ &
Ca,
v C
v
CAt 1
2V &
e
N(t) =

2\/?7:)
\/C—%(l +e
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CAt 1
2 cC " —
€

/ / 2\/CTM
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2 C
e 1+e
" VeV
CTAt,l
e
CAe
. C
N(t) =
CTAt_l
2
e CiAt)
2 C
o V Ca(l+e
Ca V
CAt_l
Ve —
2
/ /CAe
N(t) = %‘Jr o
eQVCCAt_lCAt)
2AVaron
N(t):\/cA(1+e
Ca V
CAt_l
2V & —
</ </ 2\ &
CAe
t) = o
N(t) =
CTA‘_l
2
e cfAt)
2 C
N(t)Z\/CA(1+e \4
el
CTAt_l
/ - / 2\/%t
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2V C
N(t) = =T
V
CAt71
VT —
/ / 2/
CAe
. el
N(t) o,
CAt—l
2V <&
e CiAt)
2\ &
o CA(1+e
‘/7 V
cAt 1
2V & —
</ </ 2\ &
Ca,
v C
v
CAt 1
2V &
e
N(t) =

2\/?7:)
\/C—%(l +e
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CAt 1
2 cC " —
€

/ / 2\/CTM
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2 C
e 1+e
" VeV
CTAt,l
e
CAe
. C
N(t) =
CTAt_l
2
e CiAt)
2 C
o V Ca(l+e
Ca V
CAt_l
Ve —
2
/ /CAe
N(t) = %‘Jr o
eQVCCAt_lCAt)
2AVaron
N(t):\/cA(1+e
Ca V
CAt_l
2V & —
</ </ 2\ &
CAe
t) = o
N(t) =
CTA‘_l
2
e cfAt)
2 C
N(t)Z\/CA(1+e \4
el
CTAt_l
/ - / 2\/%t
CAe
t) = o
N(t) =
cAt_l
2V &
e CiAt)
2V C
N(t) = =T
V
CAt71
VT —
/ / 2/
CAe
. el
N(t) o,
CAt—l
2V <&
e CiAt)
2\ &
o CA(1+e
‘/7 V
cAt 1
2V & —
</ </ 2\ &
Ca,
v C
v
CAt 1
2V &
e
N(t) =

2\/?7:)
\/C—%(l +e
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Ca
2\/ =4t
e ¢ -1

N(t) =
VE G
2 %“t_l
N(t) = —<
\/%(1+62\/§t)
N(E) = 62\/§t71
VG
NETYEN
N(t) = —=
\/%‘(1+e2\/§t)
Nty Y B
62\/¥t—1
N(t) =

C
Vea+eV T
N(t) =
Verification Results:

Auto verification result ([’2025-02-18T05:49:51.936121+00:00’]) Status: Incorrect

Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:08:41.9057334+00:00’]) Grade: A

Notes: The submitted solution correctly applies separation of variables to solve the differential equation
N = C - C4N?. The integration process is consistent with the standard solution, using partial fraction
decomposition and the standard integral for [ %. The final expression for N (t) is mathematically equiv-
VT (21

VCa (e2VCt41)’
process is thorough and demonstrates a correct understanding of the mathematical concepts involved.

alent to the standard solution, N =

after accounting for the substitution k = CC—A. The solution
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2.2.9 Model: meta-llama/Meta-Llama-3.1-8B-Instruct
Attempt 1 (2025-02-11T07:54:12.291617+00:00)

Detailed Solution: Problem Solution
Understand the Problem
We are given a Boltzmann equation governing the number N of dark matter particles in an astrophysical
body:
N=C-CaN>.
The initial condition is N(0) = 0. We need to find N (¢) as a function of time.
Devise a Plan
To solve this differential equation, we can use the method of separation of variables. We will first separate
the variables N and ¢, and then integrate both sides to obtain the solution.
Carry Out the Plan

We start by separating the variables:
dN

— - C-CaN%

dt A
We can rewrite this as:

_4av .

C-CaN2

Now, we can integrate both sides:

/ dN —fdt
C—C4N2?2 ~ :

To evaluate the left-hand side, we can use a substitution:

u=CaN 2,
du =2CaNdN.
We can rewrite the left-hand side as:
1 du /‘ gt
204 J C-u '
Evaluating the integral, we get:
1 C-u
—1 =t+ K
2Cx n‘ c | M

where K is the constant of integration.
Substituting back u = CAN?, we get:

1 C - CaN?
—— In|———|=t+ K.
202 n’ c !
Now, we can solve for N:
_ 2
In % = 204(t + K).

Taking the exponential of both sides, we get:
C-CaN? 20, (t+K)
? =€ ’

Simplifying, we get:
C — CAN? = Ce2CAt+E).

Now, we can solve for N:
CuN? = C — C2CAGHE),

Dividing both sides by C'4, we get:
C - Ce2CA(t+K)

N? =
Ca

Taking the square root of both sides, we get:

C — Ce2Ca(t+K)

N =z
Ca
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Since N(0) = 0, we know that N must be positive. Therefore, we can take the positive square root:

O — Ce2Ca(t+K)
N=y/22e 277
Ca

Now, we can use the initial condition N (0) =0 to find the value of K:

0 C - (Ce2CaK
=\ /T.

0=C - Ce?1K,

1 c 1
K=-—In[Z)=-——1In(1)=0.
20 n(c) a0, (1) =0

C— Ce20at
N=yf2=2e 2
Ca

Squaring both sides, we get:

Solving for K, we get:

Therefore, the solution is:

Convert to Python Code

import numpy as np
def answer(C: float, C_A: float, t: float) -> float:

This function calculates the number of dark matter particles N(t) at time t.

Parameters:

C (float): The capture rate of dark matter.

C_A (float): The dark matter annihilation rate per effective volume.
t (float): The time at which to calculate N.

Returns:
float: The number of dark matter particles N(t) at time t.

nwnn

return np.sqrt(C - C * np.exp(2 * C_A * t)) / np.sqrt(C_A)

Execute the Code

You can execute the code using a Python interpreter or a Jupyter notebook. The function answer(C,
Ca, t)willreturnthevalueof N (t)attimet.

Verification Results:

Auto verification result ([2025-02-18T05:49:51.932693+-00:00’]) Status: Incorrect

Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:07:35.349975+00:00’]) Grade: C

Notes: The submitted solution attempts to solve the differential equation using separation of variables, which
is a valid approach. However, there are significant issues in the integration process and the final expression
for N(t). The substitution v = CaN? is incorrect for the given integral, leading to an incorrect expression
for N(t). The standard solution correctly uses partial fraction decomposition to integrate the left-hand side,
resulting in a different form for N(¢). The submitted solution’s final expression N = %{iqﬂ does not

match the standard solution’s result and is not equivalent. The approach shows some understanding but
contains major flaws in execution.

Attempt 2 (2025-02-11T07:54:44.649053+00:00)
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Detailed Solution: Step 1: Understand the Problem We are given a Boltzmann equation governing the
number N of dark matter particles in an astrophysical body. The equation is N=C-CuN 2 where C is the
capture rate of dark matter and C4 is the dark matter annihilation rate per effective volume. We are asked
to find N(t) as a function of time, given the initial condition N(0) = 0.

Step 2: Devise a Plan To solve this problem, we will first use mathematical reasoning and symbolic calculations
to find the solution to the differential equation. We will then convert the final mathematical expression into
Python code.

Step 3: Carry Out the Plan The given differential equation is a Riccati equation, which can be solved by
making a substitution. Let N = % Then, N = —u%, Substituting these expressions into the original differential
equation, we get:

. 1 2
& _o-ca(})
U U
Simplifying and rearranging, we get:

u=-Cu+Ca

This is a first-order linear differential equation, which can be solved using an integrating factor. The inte-
grating factor is il G o O Multiplying both sides of the differential equation by the integrating factor, we
get:

d, ot ct

—(e7"u) =Cae

e u)=Ca
Integrating both sides with respect to ¢, we get:

ct  Ca ¢y
u=—e +K

e
C
where K is a constant of integration. Dividing both sides by e°?, we get:
u = Ca +Ke @
Substituting back N = %, we get:
_ C
Ca+CKe©Ct

Step 4: Apply the Initial Condition We are given the initial condition N(0) = 0. Substituting ¢ = 0 into the
expression for IV, we get:
C
fe ——
Ca+CK
Solving for K, we get:

o
Ca
Substituting this value of K back into the expression for N, we get:

C

_CCu,—ct
Ca oie

N =

Simplifying, we get:
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However, this solution is not correct. Let’s go back to the previous step and re-evaluate the solution.

B C
 Ca+CKeCt
Substituting K = —%, we get:
C
= Ca— S04t
A- ¢, €
Simplifying, we get:
C
N=———
Ca-CCyeCt
C
N=—o———
Ca(l-CeC?)
1
N=——
1-CeCt

This is the correct solution.
Step 5: Convert the Solution to Python Code

def answer(C: float, C_A: float, t: float) -> float:

nwnn

This function calculates the number of dark matter particles N(t) as a function
of time t.

Parameters:

C (float): The capture rate of dark matter.

C_A (float): The dark matter annihilation rate per effective volume.
t (float): The time at which to calculate N.

Returns:
float: The number of dark matter particles N(t).

nwnn

return 1 / (1 - C * np.exp(-C * t))

Note: The np module is used for the exp function, which is a part of the NumPy library. If you don’t have
NumPy installed, you can install it using pip: pip install numpy.

Step 6: Execute the Python Code To execute the Python code,
you can save it to a file (e.g., dark,,atter.py)andrunitusing Python
pythondark,atter.py.Y oucanalsouseanonline PythoninterpreteroraJupyternotebooktoexecutethecode.

import numpy as np

def answer (C: float, C_A: float, t: float) -> float:
This function calculates the number of dark matter particles N(t) as a function
of time t.

Parameters:

C (float): The capture rate of dark matter.

C_A (float): The dark matter annihilation rate per effective volume.
t (float): The time at which to calculate N.

Returns:
float: The number of dark matter particles N(t).

nwnn

return 1 / (1 - C * np.exp(-C * t))

Test the function
C
C

t

=

=l

ownvo
o
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result = answer(C, C_A, t)
print (result)

This will output the number of dark matter particles at time t, given the capture rate C and annihilation
rate C4.
Verification Results:

Auto verification result ([’2025-02-18T05:49:51.933388+-00:00]) Status: Incorrect
Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:07:42.153022+00:00’]) Grade: D

Notes: The submitted solution contains significant errors and does not match the standard solution. The
standard solution correctly solves the differential equation using integration by quadrature and arrives at the
£(62¢6z71>
\/a (62\/6‘+1) ’
incorrect expression N = ?i,cu which is not equivalent to the standard solution. The approach taken in
the submitted solution is fundamentally flawed, leading to an incorrect final answer.

expression N = The submitted solution incorrectly applies a substitution and arrives at an

Attempt 3 (2025-02-11T07:55:08.192764+00:00)

Detailed Solution: Problem Solution
Step 1: Understand the Problem We are given a Boltzmann equation governing the number N of dark matter
particles in an astrophysical body:
N =C-CuN?.
The initial condition is N(0) = 0. We need to find N(¢) as a function of time.
Step 2: Devise a Plan To solve this differential equation, we can use the method of separation of variables.
We will first separate the variables N and ¢, and then integrate both sides to obtain the solution.
Step 3: Carry Out the Plan We start by separating the variables:

dN

—— =C-CaN%

dt A
We can rewrite this as:

_av .

C-CaN2 ™~

Now, we can integrate both sides:

f dN */dt
C-CaN2 ™ '

To evaluate the left-hand side, we can use the substitution u = Ca N 2, which gives du = 2C4 NdN. We can
then rewrite the integral as:

1 du
— =t+ K
2C4 C-u ’
where K is the constant of integration.
Evaluating the integral, we get:
1 C-u
—1 =t+ K
QCA n C — U ’
where ug = CANg =0.
Substituting back u = CAN?, we get:
1 C - CaN?
—— In|———|=t+ K.
T n‘ ©
Now, we can solve for N:
_ 2
m‘%‘ = 204(t + K).
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Taking the exponential of both sides, we get:

C -CaN? = (2CA(t+K)
—s }

Simplifying, we get:
CAN? = O — Ce2CAt+E).

Dividing both sides by C'4, we get:
NZ o c c 20 A(t+K)

Ca Ca
Taking the square root of both sides, we get:
N =+ g_geQCA(t+K)_
Ca Ca

Since N(0) =0, we know that N must be positive, so we can discard the negative solution.
Step 4: Simplify the Solution We can simplify the solution by combining the constants:

N:\/C%(l—eZCAt).

Step 5: Convert to Python Code We can convert the solution to Python code as follows:

import numpy as np

def answer (C: float, C_A: float, t: float) -> float:

nwnn

Calculate the number of dark matter particles N(t) as a function of time t.

Parameters:

C (float): Capture rate of dark matter.

C_A (float): Dark matter annihilation rate per effective volume.
t (float): Time.

Returns:
float: Number of dark matter particles N(t).

nnn

return np.sqrt(C / C_A * (1 - np.exp(2 * C_A * t)))

This code defines a function answer that takes the capture rate C, annihilation rate
Ca, andtimetasinputandreturnsthenumbero fdarkmatterparticlesN (t).T he functionusesthenumpylibrarytoevaluatetheexponen:
Verification Results:

Auto verification result ([2025-02-18T05:49:51.933763+-00:00’]) Status: Incorrect

Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:07:48.654935+00:00’]) Grade: C

Notes: The submitted solution attempts to solve the differential equation using separation of variables, which
is a valid approach. However, there are significant issues in the integration process. The substitution v = C'4 N*
is incorrect for the given integral, leading to an incorrect expression for N(t). The standard solution correctly
uses partial fraction decomposition to integrate the left-hand side, resulting in a different form of the solution.
The final expression for N(¢) in the submitted solution does not match the standard solution, indicating a
fundamental error in the integration process. Additionally, the boundary condition N (0) = 0 is not correctly
applied to determine the constant of integration K.

Attempt 4 (2025-02-11T07:55:27.330735+00:00)
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Detailed Solution: Problem Solution
Understand the Problem
We are given a Boltzmann equation governing the number N of dark matter particles in an astrophysical
body:
N=C-CaN>.
The initial condition is N(0) = 0. We need to find N(¢) as a function of time.
Devise a Plan
To solve this differential equation, we can use the method of separation of variables. We will rearrange the
equation to separate the variables N and ¢, and then integrate both sides.
Carry Out the Plan
We start by rearranging the equation:

N:C—CAN2$%:C—CAN2.

Next, we separate the variables:
dN

C - CaN?

f dN *‘/dt
C-CaN2~ '

To evaluate the left-hand side, we can use a substitution:

= dt.

Now, we can integrate both sides:

u=CaN?= du=204NdN.

However, we need to be careful with the constant of integration. We can rewrite the integral as:

1 [ dN _/dt
VCa J JC=C4sNZ '

Now, we can evaluate the integral:

. N
arcsin| — | =¢t + C.

1

N-= C%sin(\/CTA(t+Cl)).

We can now solve for V:

Using the initial condition N (0) = 0, we can find the value of Ci:

(O _onm
O—HC—Asm(\/CACH):Cl—\/C_A.

We can now write the final expression for N (¢):

N(t) = \/gsin(\/at + ;g_A)

Convert to Python Code

import numpy as np

def answer (C: float, C_A: float, t: float) -> float:
This function calculates the number of dark matter particles N(t) as a function
of time t.

Parameters:

C (float): The capture rate of dark matter.

C_A (float): The dark matter annihilation rate per effective volume.
t (float): The time at which to calculate N.
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Returns:
float: The number of dark matter particles N(t).

nwnn

# Define the constants
n = 0 # We can choose any integer value for n

# Calculate N(t)
N = np.sqrt(C / C_A) * np.sin(np.sqrt(C_A) * t + n * np.pi / np.sqrt(C_A))

return N

Final Answer
The final answer is the Python function answer(C, C, t)whichcalculatesthenumbero fdarkmatterparticlesN (t)asa functiono ftime
Verification Results:

Auto verification result ([2025-02-18T05:49:51.934251+-00:00’]) Status: Incorrect

Evaluations:

Evaluated by gpt-4o0 ([’2025-02-12T03:07:54.233511+-00:00’]) Grade: D

Notes: The submitted solution is fundamentally flawed. The standard solution involves integrating the
differential equation using partial fraction decomposition and logarithmic integration, leading to a hyperbolic
tangent function for the solution. The submitted solution incorrectly applies a trigonometric substitution and
arrives at a sine function, which is not equivalent to the standard solution. The approach does not match
the correct method for solving the given differential equation, and the final expression for N(t) is incorrect.
Additionally, the Python code provided is based on this incorrect solution.

Attempt 5 (2025-02-11T07:55:57.179369+00:00)

Detailed Solution: Step 1: Understand the Problem We are given a Boltzmann equation governing the
number N of dark matter particles in an astrophysical body:

N =C-CaN>.

The initial condition is N(0) = 0. We need to find N (¢) as a function of time.

Step 2: Devise a Plan To solve this differential equation, we can use the method of separation of variables.
We will first separate the variables IV and ¢, then integrate both sides to obtain the solution.

Step 3: Carry Out the Plan We start by separating the variables:

dN

— =C-CuN?

dt 4
We can rewrite this as:

7dN =dt

C-CusN2?2 ~

Now, we can integrate both sides:
f dN B f ”
C -CaN2?2
To evaluate the left-hand side, we can use a substitution:
u::CngQ
du=2CaNdN
1 du
— [ ——= [ dt
2C 4 C-u “/
1 ! |C -u
C

Evaluating the integral, we get:

=t+ K
2o o[ =t
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where K is a constant of integration. Substituting back u = C4N?, we get:

1 C - CaN?
—In|[————|=t+K
2Ca n‘ @ "
Now, we can solve for N:
_ 2
o CZDY a0

2

C-CaN~ (2Cat+204 K
C

C - CAN? = C2Cat+204K

CAN? = C — C2CAt+204K

2 C QechHchK
Ca Cgy
Since N(0) =0, we can find K by substituting ¢ = 0:

2 C _ieQCA(O)+2CAK
Cyp Cag

0= C% _ C%eQCAK
G20AK _q
204K =0
K=0
Substituting K = 0 back into the equation for N2, we get:

N2 C C 62CAt

T Oa
Taking the square root of both sides, we get:
Nesy) L - C oar
Cya Ca

Since N represents the number of dark matter particles, it must be non-negative. Therefore, we take the
positive square root:

¢ C

N =1/ _ Y 204t

Ca Ca
Step 4: Convert to Python Code

import numpy as np

def answer(C: float, C_A: float, t: float) -> float:

nwnn

This function calculates the number of dark matter particles N(t) at time t.

Parameters:

C (float): The capture rate of dark matter.

C_A (float): The dark matter annihilation rate per effective volume.
t (float): The time at which to calculate N.

Returns:
float: The number of dark matter particles N(t) at time t.

nwnn

return np.sqrt(C / C_A - C / C_A * np.exp(2 * C_A * t))

Final Answer: The final answer is:
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import numpy as np

def answer (C: float, C_A: float, t: float) -> float:

nnn

This function calculates the number of dark matter particles N(t) at time t.

Parameters:

C (float): The capture rate of dark matter.

C_A (float): The dark matter annihilation rate per effective volume.
t (float): The time at which to calculate N.

Returns:
float: The number of dark matter particles N(t) at time t.

nwnn

return np.sqrt(C / C_A - C / C_A * mnp.exp(2 * C_A * t))

Verification Results:

Auto verification result ([2025-02-18T05:49:51.934765+-00:00’]) Status: Incorrect

Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:08:01.278403+00:00’]) Grade: C

Notes: The submitted solution attempts to solve the differential equation using separation of variables, which
is a valid approach. However, there are significant issues in the integration process and the final expression
for N(t). The substitution u = C4 N 2 is incorrect for the given integral, leading to an incorrect expression
for N(t). The correct integration involves partial fraction decomposition as shown in the standard solution.

i = /T _ T 20t i _ O (@0
The final expression N = o, T T, does not match the standard solution N = Jos (@) The

approach shows some understanding but contains major flaws in execution.
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2.2.10 Model: Qwen/Qwen2.5-72B-Instruct
Attempt 1 (2025-02-11T19:54:13.629579+00:00)

Detailed Solution: Step 1: Understand the Problem
We are given the following differential equation:

N =C -CuN?

where: - N is the time derivative of N, - C is the capture rate of dark matter, - C'4 is the dark matter
annihilation rate per effective volume, - N(t) is the number of dark matter particles at time ¢.
The initial condition is:
N(0)=0
We need to find N(t) as a function of time.
Step 2: Devise a Plan
To solve this differential equation, we will: 1. Separate the variables. 2. Integrate both sides. 3. Apply the
initial condition to find the constant of integration. 4. Solve for N (t).
Step 3: Carry Out the Plan
Step 3.1: Separate the Variables

The given differential equation is:
dN

—— =C-CaN?

dt 4
We can rewrite this as:

_daN .

C-CusN2

Step 3.2: Integrate Both Sides
Integrate both sides with respect to their respective variables:

dN
Vel K
C - CusN?2
The left-hand side is a standard integral. We can use partial fraction decomposition to solve it. Let:

C - CaAN? :0(17%N2)

Let k= \/<4. Then:
C-CaN?=C(1-k*N?)

f%:fdt

The integral becomes:

Using the partial fraction decomposition:

1 _L( L 1 )
1-k2N2 2k \1-kN 1+kN
Thus:

dN 1 1 1
f0(1—k2N2) _Zka(l—kN+1+kN)dN

Integrating both terms:

% (In|1 - kN| = In|1+ EN]) = £ + Cy
Simplify the logarithms:
1 1-kN
20 | TrEN| O
Step 3.3: Apply the Initial Condition
Att=0, N=0: ) Lo
%C In 170 =0+Cy
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Aj;*ln],Z CH

2kC
Ci=0
So the equation becomes:
1 ‘ 1-kN
——1In =
2kC " |1+EkN
Step 3.4: Solve for N (t)
Multiply both sides by 2kC:
1-kN
=2kCt
B ‘ T kN | =2k
Exponentiate both sides:
‘ L=kN| _ 2kt
1+kN
Since kN is small for small ¢, we can drop the absolute value:
L=kN _ e
1+kN

Solve for N:
1-kN =" (1+kN)
1-kN =" + kN
1 _ 2kCt _ EN(1+ e2kCt)
1 _ o2kCt
" k(1 + e2rCt)

Ca.

Substitute k = o

C
2/ SACt
1-e¢ c

N(t) =
C
\/%“(1-&-62\/ %Ct)
Simplify:
1_62\/CACt
N(t): % 2\/CACt
\ A (L+e2veact)
Final Answer:
1 — 2VCaCt
N(t) =

/%(1 +e2 CACt)

Step 4: Convert to Python Code

import math

def answer (C: float, C_A: float, t: float) -> float:
k = math.sqrt(C_A / C)

numerator = 1 - math.exp(2 * k * C * t)
denominator = k * (1 + math.exp(2 * k * C * t))
N = numerator / denominator

return N

This Python function answer takes the capture rate C, the annihilation rate C4, and time t as inputs and
returns the number of dark matter particles N(t) at time ¢.
Verification Results:

Auto verification result ([2025-02-18T05:49:51.940806+-00:00’]) Status: Incorrect

Evaluations:
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Evaluated by gpt-4o0 (['2025-02-12T03:09:52.348953+00:00’]) Grade: C

Notes: The submitted solution shows a basic understanding of the problem and attempts to solve the differen-
tial equation by separation of variables and integration. However, there are significant issues in the integration
process and the final expression for N(¢). The standard solution correctly uses partial fraction decomposition
and arrives at a solution involving hyperbolic functions, while the submitted solution incorrectly simplifies
the logarithmic expression and does not match the standard solution’s form. The final answer provided in
the submitted solution is not equivalent to the standard solution’s answer, indicating a major flaw in the
integration or algebraic manipulation steps.

Attempt 2 (2025-02-11T19:55:21.580605+00:00)

Detailed Solution: Step-by-Step Solution

1. Understand the Problem - Unknown: The function N(t) that describes the number of dark matter
particles as a function of time. - Given Data: - The capture rate C. - The annihilation rate per effective
volume Cjy. - The initial condition N(0) = 0. - Conditions: - The differential equation governing N (¢) is:

N =C-CaN>.

2. Devise a Plan - Step 1: Solve the differential equation N = C - CusN?%. - Step 2: Apply the initial
condition N(0) = 0 to find the particular solution. - Step 3: Convert the final symbolic expression into
Python code.

3. Carry Out the Plan

Step 1: Solve the Differential Equation The given differential equation is:

N=C-CaN>.
This is a separable differential equation. We can rewrite it as:

dN
C - CuN?

f dN —fdt
C-CaN2 ™ '

To solve the integral on the left-hand side, we use partial fraction decomposition. Let:

= dt.

Integrate both sides:

1 1 1

C-CaN? ™~ C(1-SaNz) C(1-k2N?)’

2_Ca
where k= =4

The integral becomes:

dN
f1—k2N2‘fdt'

The integral on the left-hand side is a standard form:

f dN 7iln‘1+kN LC
1-k2N2 2k |1-kN| ™%

Thus, we have:
1+kN

1
ﬂln‘lka —t+Cz.
Multiply both sides by 2k:
1+kN
ln‘l—kN =2kt + Cs,

Where 03 = 2](202.

Exponentiate both sides:

1+kN 2kt+C3 2kt
= = A

1-kN| € <

where A = 3.
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Since A is a positive constant, we can write:

1+kN

a2kt
1ka_A6 .

Solve for N:
1+kN = Ae®* (1 - kN).

1+kN = Ae’*" — Ake®* N,
1+ kN + Ake®™ N = Ae*™.
1+EN(1+ A = Ae®*.
EN(1+ Ae®*") = Ae®*" - 1.

AeZkt -1
k(1 + Ae2kt)’
Step 2: Apply the Initial Condition Given N (0) = 0:

N =

A-1

0= kv ay

This implies:
A-1=0 = A=1.

Thus, the solution simplifies to:
2kt
e -1
k(1 +e2kt)’

Ca
2\/ =4t
e [ |

VEa eV Hy

C
N CeQVTAt—l
CAeQVCTAt+1

N =

Simplify the expression:

Step 3: Convert to Python Code

import math

def answer(C: float, C_A: float, t: float) -> float:
k = math.sqrt(C_A / C)

numerator = math.exp(2 * k * t) - 1
denominator = math.exp(2 * k * t) + 1
N = (C / C_A) * (numerator / denominator)

return N
Final Answer:
import math

def answer (C: float, C_A: float, t: float) -> float:
k = math.sqrt(C_A / C)

numerator = math.exp(2 * k * t) - 1
denominator = math.exp(2 * k * t) + 1
N = (C / C_A) * (numerator / denominator)

return N

Verification Results:

Auto verification result ([2025-02-18T05:49:51.941468+00:00’]) Status: Incorrect

Evaluations:
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Evaluated by gpt-4o0 (['2025-02-12T03:10:00.515933+-00:00’]) Grade: A

Notes: The submitted solution correctly solves the differential equation N = C' — C4N? using separation of
variables and partial fraction decomposition. The integration process and application of the initial condition
N(0) = 0 are correctly handled. The final expression for N(¢) is mathematically equivalent to the standard

olution: N = & (2YCt-1)
solution: N = /o ()
and reasoning are sound, and the solution is physically equivalent to the standard answer.

The Python code provided correctly implements this solution. The approach

Attempt 3 (2025-02-11T19:56:38.431425+00:00)

Detailed Solution: Step-by-Step Solution
1. Understand the Problem We are given the following differential equation:

N=C-CusN?

where N (t) is the number of dark matter particles at time ¢, C' is the capture rate, and C4 is the annihilation
rate per effective volume. The initial condition is N(0) = 0.

2. Devise a Plan To solve this differential equation, we will: 1. Separate variables. 2. Integrate both sides.
3. Apply the initial condition to find the constant of integration. 4. Solve for N(t).

3. Carry Out the Plan

Step 1: Separate Variables The differential equation is:

dN 2

— =C-CuN

dt 4
Separate the variables:

B R

C -CaN2?2 ~

Step 2: Integrate Both Sides Integrate both sides:

AN
- [
f C-CaN? f

The left-hand side is a standard integral. We can use partial fractions to simplify it. Let:

1 1 1
C-CaN? (C(1-%anN2) C(1-k2N?)

2_Ca
where k~ = S

Using partial fractions:

1 1 ( 1 1 )
= — +

1-k2N2 2k\1-kN 1+kN
Thus, the integral becomes:

dN 1 1 1
fc*—cAN2 - 2kC/(1—kN+1+kN)dN

Integrate:
%(-%mu—kwn %mumm) —t+Ch
Simplify:
1 1+kN
21@201“‘1—191\7 =¢76n
Step 3: Apply the Initial Condition At ¢t =0, N =0:
1 1+k-0
220 171«0‘ =0
1
2]620 Inl= Cl
Ci1=0
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So the equation becomes:

L |L+ kN| )
2k2C " |1-kN|
Step 4: Solve for N(t) Multiply both sides by 2k?C:
1+kN 2
1 =2k°Ct
" ‘ 1= kN

Exponentiate both sides:
1+ kN 2k2Ct
=@

1-kN|
Since kN is small for small ¢, we can drop the absolute value:

1+kN7 2k2Ct
1-kN ¢

Solve for N: )
1+ kN =€ “'(1-kN)
1+ kN = &2t _ pNe? Ot
1+ kN + ENe2 Ot _ g2k70t
EN(1 + erQCt) _ erQCt 1
. 62k20t _1
" k(1 + e2K°Cr)

Recall k? = %, so k = \/%“:

Ca
e2 & Ct 1

C
VA (1+e27E 0
' eQCAt_l
C
V(1 + e20at)
e C 620At_1
= JCCa 1+ ¢%0at

C eQCAt_l
Ca 1+ e2Cat

N =

N =
Final Answer:
204t _q
N(t) = Cemi-1
Cal+e2Cat
Python Code

import math

def answer (C: float, C_A: float, t: float) -> float:
numerator = math.exp(2 * C_A * t) - 1
denominator = 1 + math.exp(2 * C_A * t)
N = math.sqrt(C / C_A) * (numerator / denominator)
return N

This Python function answer takes the capture rate C, the annihilation rate C4, and time ¢t as inputs and
returns the number of dark matter particles N(¢) at time ¢.
Verification Results:

Auto verification result ([2025-02-18T05:49:51.941900+-00:00’]) Status: Incorrect

Evaluations:
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Evaluated by gpt-4o0 (['2025-02-12T03:10:07.363348+-00:00’]) Grade: A
Notes: The submitted solution correctly follows the separation of variables and integration steps to solve
the differential equation. The use of partial fractions to integrate #ANZ is appropriate and matches the

standard solution’s approach. The final expression for N(t) is mathematically equivalent to the standard

(e}
solution: N(t) = \/\/cg ierfct; The solution process includes all necessary steps and correctly applies the
A
initial condition to find the integration constant. The Python code provided also correctly implements the
derived formula. Overall, the solution demonstrates a clear understanding of the problem and the correct

application of mathematical techniques.

Attempt 4 (2025-02-11T19:57:51.944991+00:00)

Detailed Solution: Step 1: Understand the Problem
We are given the following differential equation:

N=C-CusN?

where N (t) is the number of dark matter particles at time ¢, C' is the capture rate, and C4 is the dark matter
annihilation rate per effective volume. The initial condition is N(0) = 0.

Step 2: Devise a Plan

To solve this differential equation, we will: 1. Separate the variables. 2. Integrate both sides. 3. Apply the
initial condition to find the constant of integration. 4. Solve for N (t).

Step 3: Carry Out the Plan

Step 3.1: Separate the Variables

The given differential equation is:

dN 2

— =C-CaN

dt 4
We can rewrite this as:

_daN dt

C-CaN2

Step 3.2: Integrate Both Sides
Integrate both sides with respect to their respective variables:

f%:f‘”

The left-hand side is a standard integral. We can use partial fraction decomposition to simplify it. Let:

1 1 1

C-CaN2~ C(1-SaN2)  C(1-k?N?)

2 _C
where k% = =£.

Using partial fractions, we have:

1 _ 1 ( 1 . 1 )
1-k2N2 2k \1-kN 1+kN
Thus, the integral becomes:

f dN 1 /( 1 . 1 )dN
C-CusN?2  2kC 1-kN 1+kN

Integrating both terms:

% (-%mu _EN|+ %ln|1+kN|) _t+Ch
Simplify:
ﬁ (In|1+kN|-ln[l - kN]) = t + Cs
Using the properties of logarithms:
1 lIl‘1+IcN e
2k2C |1-kN

96



Step 3.3: Apply the Initial Condition

Att=0, N=0:
1 1+0
1 -
220 n‘l—O LA
1
——1Inl=
ake0 M=
Ci=0
Thus, the equation simplifies to:
1 N 1+ kN‘ _
2k2C [1-kN|
Step 3.4: Solve for N (t)
Multiply both sides by 2k?C:
1+kN 2
1 =2k°Ct
" ‘ 1-kN ¢

Exponentiate both sides:

1+kN _ engCt
1-kN|
Since kN is small for small ¢, we can drop the absolute value:

1+kN _62k20t
1-kN

Solve for IV:
1+ kN = %Y1 - kN)
1+ kN = 0t _ pNe? Ct
1+ kN + kN2 Ct - g2t
EN(1+ eZkQCt) _ 62k2Ct 1
62k2Ct 1

" k(1 + e2r7Cty

Recall that k2 = %, so k= \/%“;

N 2o
V@ +e2 oty
204t _ 4
N(t) = ——

\/ G4 (1 +e2Cat)

N(t) = C% tanh(Cat)

Final Answer:

Step 4: Convert to Python Code

import math

def answer(C: float, C_A: float, t: float) -> float:
return (C / C_A) * math.tanh(C_A * t)

This Python function implements the final solution for N (%) as a function of time t, given the capture rate
C and the annihilation rate C4.
Verification Results:

Auto verification result ([2025-02-18T05:49:51.942294+4-00:00’]) Status: Incorrect

Evaluations:
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Evaluated by gpt-4o0 (['2025-02-12T03:10:13.706518+00:00’]) Grade: C

Notes: The submitted solution shows a basic understanding of solving the differential equation by separation
of variables and integration. However, there are significant issues in the final expression for N(t). The
standard solution involves expressing the integral in terms of logarithms and solving for N (¢) using exponential
functions, leading to a hyperbolic tangent form. The submitted solution incorrectly simplifies the expression
to N(t) = %tanh(CAt), which does not match the standard solution. Additionally, there are errors in
the integration process and the handling of constants. The approach has some merit, but the final result is
incorrect.

Attempt 5 (2025-02-11T19:59:02.880495+00:00)

Detailed Solution: Step 1: Understand the Problem
We are given the following differential equation:

N =C - CuN?

where N (t) is the number of dark matter particles at time ¢, C' is the capture rate, and C4 is the dark matter
annihilation rate per effective volume. The initial condition is N(0) = 0.

Step 2: Devise a Plan

To solve this differential equation, we will: 1. Separate the variables. 2. Integrate both sides. 3. Apply the
initial condition to find the constant of integration. 4. Solve for N(t).

Step 3: Carry Out the Plan

Step 3.1: Separate the Variables

The given differential equation is:

dN 2

— =C-CaN

dt A
We can rewrite this as:

__daN dt

C-CaN2

Step 3.2: Integrate Both Sides
Integrate both sides with respect to their respective variables:

f%ﬁwffdt

The left-hand side is a standard integral. We can use partial fraction decomposition to solve it. Let:

1 1 1

C-CaN?z ~ C(1-ZaN2)  C(1-k2N?)

2 _C
where k% = 2.

Using partial fractions:

1 _ 1 ( 1 . 1 )
1-k2N2 2k \1-kN 1+kN
Thus, the integral becomes:

[ dN 1 [( L )dN
C(1-k2N2)  2kC 1-kN 1+kN

Integrating both terms:

%(—%mu—kz\m %ln|1+k1\f|) v O
Simplify:
1 1+kN
2k2C n‘l—kN e
Step 3.3: Apply the Initial Condition
Att=0, N =0: . Lk
%20 171«0‘ =0+ G
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L1n1=cl

2k2C
Ci1=0
Thus, the equation simplifies to:
1 0 1+ kN| _
2k2C [1-kN|
Step 3.4: Solve for N (t)
Multiply both sides by 2k?C:
1+kN 2
1 =2k"Ct
" ‘ 1-kN

Exponentiate both sides:
1+EkN _ 62k2Ct

1-kEN|
Since kN is small for small ¢, we can drop the absolute value:

1+kN _ €2k2ct
1-kN
Solve for N: )
1+kN =" “"(1-kN)
1+ kN = 2t _ pNe? Ct
14 kN + kN2 Ct - g2t
EN(1+ 62k2Ct) _ eszCt 1
e2k20t 1

" k(1 + e2k°Cr)

Recall that k2 = %‘, so k = \/%“:

C
N(E) = ez—ACt_l
- @
\/%‘(1 + eQTACt)
204t _ 1
N(t) = ——

Final Answer: o
N(t) = = tanh(Cat)
Ca

Step 4: Convert to Python Code

import math

def answer (C: float, C_A: float, t: float) -> float:
return (C / C_A) * math.tanh(C_A * t)

This Python function implements the final solution for N (t).
Verification Results:

Auto verification result ([’2025-02-18T05:49:51.942685+00:00’]) Status: Incorrect

Evaluations:

Evaluated by gpt-4o0 (['2025-02-12T03:10:19.780635+00:00’]) Grade: C

Notes: The submitted solution shows a basic understanding of the problem and attempts to solve the dif-
ferential equation by separation of variables and integration. However, there are significant issues in the
integration process and the final expression for N(t). The standard solution involves a hyperbolic tangent
function, while the submitted solution incorrectly derives an expression involving tanh(C4t). The integra-
tion steps in the submitted solution are flawed, particularly in the handling of partial fractions and the final
algebraic manipulation. The final answer does not match the standard solution, indicating a major flaw in
the approach.
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